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• ·S;LJ Ω TUO¸S;TUj;IP\]JR[5S;\MO%nehLNlUQMbu%LgJM²yV%I R2 ﬂ·L p ∈]1,+∞[ US;Otl5S;Q]I q = p
p−1
özIPJ
q = +∞ Q]L
p = 1
÷¨µyOGO%SJMI_­
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f = u+ v +w
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f = u+ v + w
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L(u) =


















































































































































































































































































































































= −signe(v(x, t0)) (|Du| − 1)
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u ∈ BV (Ω) 73Aﬃr="E/)C,6W;E&%vﬃ


























Du = ∇u dx+Dsu Å  Nba;NKt Ç
9
Ù ∇u dx %/!C5HA.ﬃ{'3ﬃ
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BV (Ω) ⊂ L2(Ω) Å  Nba;Nc Ç
Ú
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L(u) = J(u) =
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N ×N N Ã  B "9
5*% X AI%/!C'3ﬃ































u ∈ X 73A6%M;)Gﬃ4=",.%& <5 ∇u %&!C5Q:? W;%&#&5*%/:")y="% Y ="9; " ?Ew'3ﬃ4)`\










































|(∇u)i,j| Å  Nba;N6aut Ç
tja
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= −∇∗ Å  N6a;Nbauc Ç
9;Ù ∇∗ %&!C5xASIK9;'E&)Gﬃ45*%/:")Pﬃ
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J∗(v) = sup ((u, v)X − J(u)) Å  Nba;Nba  Ç
%&!C5A.ﬃTU9; "#5G,.9







K = { =",6W (g)/g ∈ Y, |gi,j| ≤ 1 ∀i, j} Å  Nba;Nbad Ç
%5







































































































































































































































































%/!5Q=?9; "#`="9; " ?E/%w'3ﬃ4)`\
u = f − λ =",6W (p∞) Å  Nba;N  d Ç
9
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‖v‖G = inf {‖g‖∞/v = div(g), g = (g1, g2),














D = {x ∈ R2, ‖x‖ ≤ R} NPI,. e5GE&)*5=JIK:?5*,.A6,6!*%/)gASI%/!*'"ﬃ
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G = {v ∈ X / ∃g ∈ Y 5*%/A@<:"% v = =",bW (g)} Å  N  NKt Ç
%5y!*,
v ∈ G \
‖v‖G = inf {‖g‖∞ / v = =?,6W (g),
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u ∈ X * v ∈ G pgh82;
A4




g ∈ Y 5G%&A@<:"% v = =",bW (g) N
(u, v)X = (u,
=?,6W
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H(u) +H∗(v) = (u, v)X
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u ∈ ∂H∗(v) NÝ~ X:?5*,.A.,b!Gﬃ
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(J(u)− ‖v‖G)2︸ ︷︷ ︸
≥0
= 2 ((u, v)X − J(u)‖v||G) Å  N  N6a  Ç
ﬂvI9;Ù
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X0 = {v ∈ X /
∑
i,j








v ∈ G NPA8%ij,.!5G%$=?9; "# g ∈ Y 5*%/A@<:"%(\ v = =?,6W (g) N]qBﬃ
,6! ∑i,j( =?,6W g)i,j =
(−∇∗g, 1)Y = (g,∇1)X = 0 ,N%








v ∈ X0 Nl9;+-+H%rA.% "9seﬃ






x ∈ X 5*%/Ax@<:"% xi,j = xi′,j′ '9;:")w5G9;:j5 i, j, i′, j′ 79
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x ∈ X0 %/ {)*%&+Lﬃ4)*@<:3ﬃ




A(x− x¯) = A(x) #uﬃ













−2 =",bW (∇x) + 2v = 0 N3ﬂvIK9














































λ ≥ 0 73ﬃ
A.9
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@<:"% ‖f‖G N Ã  '%&:?5Qﬃ






























PGcn+1 (f) 6= f
7Ł#&%/Aﬃ!*,.M
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PGcn+1 (f) = f
Ç
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p ∈ (1,+∞) 7 W 1,p(Ω) %&!C5oA6%H!C9;:"!Óm%/!C'3ﬃ
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Y Å p ≥ 1 Ç Å 9
 )Gﬃ
'?'%/A.A6%@<:"%w "9
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u ∈ X,∑i,j ui,j = 0} N Ã  ¸'%/:j5Aﬃ(W;9;,6)#/9;+-+-%D:" "%
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(v, u)X = sup
‖u‖1,q=1









³´Òøy´Òø ýãÓþP¾~Â"»½¼jéìÀäÁp¾]æyÂ^ùëPãùæãÓÀgÂãë ¿>Àì»çYº¾~Â"ìÀ ‖.‖−1,p á¦nUæºQÀä»ìë]þPÀ
|j9;,65
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'"'%&A.A6%@<:"% ‖u‖1,q = ‖∇u‖q Å #&T Å  NKt?N  Ç*Ç %5w\
‖f‖−1,p = sup
‖u‖1,q≤1
(f, u)X = sup
‖u‖1,q=1





















































‖f‖p−1,p = ‖∇u˜‖qq =
∑
1≤i,j≤N













‖f‖−1,2 = ‖∇u˜‖Y =
√ ∑
1≤i,j≤N






















































{t≥0, u / ‖∇u‖q=1}
(






{t≥0, u / ‖∇u‖q=1}
(


























































(F ′(u˜), u˜)X = qF (u˜)
N
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(∇W,∇h)Y = (δ, h)X '9;:")5G9
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δ ∗ f = f ∗ δ = f '9
:")5G9














u = n ∗W ó",N%
N u = ∑i,j ui,j 7zﬃuW;%/#
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(∇u,∇h)Y =
(n ∗ ∇W,∇h)Y = (∇W, nˆ ∗ ∇h)Y = (δ, nˆ ∗ h)X = (n ∗ δ, h)X = (n, h)X Å 9; ﬃ:?5*,.A.,b!*EvA6%vTÒﬃ4,65
@<:"%
(n ∗ a, b)X = (a, nˆ ∗ b)X 9;Ù nˆi,j = −ni,j Ç N"ﬂvIKﬃ
'")Ch/! Å  Nõt?Nba Ü Ç 7?9
 0!Gﬃ4,658@<:"% ‖n‖−1,2 = ‖∇u‖2 N
Ã
 )C%/+Hﬃ
)*@<:"%`@<:"% ∇u = n ∗ ∇W N3ﬂvIK9
Ù(\∑
i,j
|∇ui,j|2 = (n ∗ ∇W,n ∗ ∇W )Y
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E (ni,jnk,l) = E(ni,j)E(nk,l)
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δ˙ = δ−mδ 7?ﬂQ% Å  Nõt?N  a Ç 7<9; 9;Zj5G,.%& <5l@<:"%v\ ∆W = −δ˙ N Ã  
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C = (∇∆−1(δ˙),∇∆−1(δ˙))Y = (−δ˙,∆−1(δ˙))X N?AJ)*%/!5G%`Vr#/ﬃ













(f(m,n)) Å 0 ≤ m ≤ M − 1 %&5 0 ≤ n ≤ N − 1 Ç %&!C5p="9
 " "E&%H'"ﬃ
)
Å 0 ≤ p ≤M − 1 %5 0 ≤ q ≤ N − 1 Ç \





























































 $ﬃ="%`'"A6:"! ‖F(f)‖2X = N2‖f‖2X
%&5
(‖F(f), ‖F(g))X = N2(f, g)X N
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(p, q) 6= (0, 0) \
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TV L2 G ‖.‖−1,2 E Å ﬂﬃ
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Å σ = 50 Ç
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162 322 642 1282 2562 5122
E(‖n‖X) a  N Ü t  N Ü  c"N Ü a 4 ;Ú
 Ú a √
V ar(‖n‖X) Ü N 	 a Ü N  d Ü N 	
 Ü N 	 t Ü N 	 t Ü N 	4Ü
E(‖n‖−1,2) a;a;N   c?N 	 Ú c a;a   c 	 Ú
 t√





























































































E(‖n‖E)  N  a tjN Ú d t?N  t t?NKd  c"Nõt Ü c"N Ú d√
V ar(‖n‖E) Ü NKc Ü Ü Nõt























)*+-% ‖.‖−1,2 =?%0ASI,.+Hﬃ4M;%L=JIK:" ﬀZ")*:?,65rZ"A.ﬃ






 ?#kMeﬃ4:"!*!*,6%/ ﬀ="%0+-9Łs;%& " "%
 <:"A.A6%
7?,.AJ%/!C5yE/@<:",bW4ﬃ






















































A.ﬃ- ?9;)*+-% ‖.‖−1,2 '9
:")Q#213ﬃ
@<:"%p,.+Hﬃ
M;%4N Ã  BﬃH'?:Dﬃ
,. ?!*,#/ﬃ







































)*+-% ‖.‖−1,2 !C%/+oZ"A6%5G)*%:" ?%TU9; ?#&5G,69; L#&)*9;,6!*!Gﬃ4 <5G%=?%A.ﬃw5Gﬃ
,.A6A6%="%AI,.+Hﬃ4M;%4N>OyEuﬃ
 "+-9;,6 "!/7<AIE/#uﬃ4)C5Cm













































+HE5G)*,6@<:"%/!&7e%5]A6%/!~=",bJE&)*%& <5G%&!P "9;)C+H%&!~ "E/MeﬃY5G,6W
%/!
Å G



















5*)*%vE5G:"="%47J "9;:?!W;9s;9; "!="E*VL@<:"%/A6A.%&! "9;)C+H%&!,6A!C%/)GﬃL,. e5GE&)*%/!C!Gﬃ
 e5=JIK:?5*,.A6,6!*%/)
="ﬃ
 "!L:" '")*9>#&%/!C!*:"!k="%B+-,. ",6+,6!*ﬃ45G,b9; ^ﬃYÄ3 ="%B="E&#/9;+-'9;!C%/)L:" "%B,.+Hﬃ
M;%0%/ ^5G)C9;,.!-#/9;+-'9;!*ﬃ
 <5*%/!/7
:? "%L'?)*%/+-,6h/)*%-#&9; e5G%/ "ﬃ
 <5vAI,. jTU9;)*+-ﬃ45*,69






















































































 <5*%/!&7YA.ﬃ'?)*%/+-,6h/)*%~#/9; e5G%& 3ﬃ


























NgOy9;:"!,6 <5*)*9>=":",6!*9; ?!:" "%oTU9




'9;!*9; ?!%& "!*:?,65G%o:? ﬃ
A.M
9;)*,b5*1"+-%w'9;:")+H,6 ",m







5*)*%TU9; "#5G,69; " "%&A.A6%L%&5-A.ﬃD="E&#/9;+-'9;!*,b5G,69; ð'?)*9;'9;!CE/%0'3ﬃ
)-q$%s;%/)-="ﬃ












































































































































































































































#/9; e5G,6%/ <5A.%&!!*,6M; 3ﬃ
:>ioVQTU9

































































































A6%/+-%/ e5E&5*Ex'")C9;'9;!CEx=gI:?5G,6A.,6!*%&)Aﬃ ?9;)*+-%P="%|>9;Z9;A.%W "E/MeﬃY5G,6W;%







































 k%/!C5y9;Z?5*%/ <:"%w%& Bﬃ
+-%/ "ﬃ
 <5yVrAIE/@<:",.A6,6Z")C%AIKÝPﬂÛ^!*:?,6W4ﬃ4 <5G%\












 "=",65*,.9; k,6 ",65*,.ﬃ
Ab%




















HG × ª`¬°¢ ¥`¤¤k°ªH¦¥Øk¢
%/!x=?%/:jiHﬃ




















































Fλ,µ(u, v) = J(u) +
1
2λ
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I9;Z?5*,.%/ ?=")Gﬃo%/ 0TÒﬃ
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(n+ 1)λ ≤ µ * ‖vn‖G ≤ nλ 	gi82;
N4
































=?%!*9;)5G%@<:"% ‖v‖G ≤ µ Å 9; o'")*E&#/,.!C%/)*ﬃ
#&%H'9
,. e5w=3ﬃ4 "!wAﬃ|j%/#5G,69; ötjNõt
Ç
Nﬂ9; ?#H!C,

































λ << ‖v‖G Å #/%`@<:",%/!C5yA.%#/ﬃ
!%/ '")Gﬃ45*,.@<:"% Ç 73ﬃ
A.9
)*!9; $ﬃ n >> 1 N
IK%&!C5'9;:")v "%'3ﬃ
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(u, v) ∈ X × Gµ 2;-D38



















7Y%&5@>:?% Fλ,µ %/!5#/9; eW;%ij%
!*#/,!*:?)
X ×Gµ N Ã  %/ ="E/=?:",65@>:?% Fλ,µ %&!C5Q#&9; eW;%ij%p!*#&,!C:") X ×X N

Ny|j9;,b5
(u, v) ∈ X × Gµ 7ﬃ
A.9
)*! ‖v‖G ≤ µ Nﬂ%H'"A6:"!/7'":",6!*@<:"% X %&!C5v=?%H=",6+H%& "!*,69; {Ä3 ",6%
7,6A
%ij,.!5G%











="%~Aﬃl "9;)C+H%}%&:"#/A6,.=",6%/ " ?% ‖(u, v)‖X×X =
√‖u‖2X + ‖v‖2X N















Fλ,µ(u, v) ≥ 12λ‖f − u − v‖22
79; D9;Zj5G,.%& <5
Fλ,µ(u, v) → +∞ N Ã  D#&9; "#/A6:?5@<:"%
Fλ,µ
%/!5Q#&9>%/)*#&,6W;%`!*:")
X ×Gµ 7"%&5y="9; ?#w!C:") X ×X N
Ã








Z?5G%& ",.)ASIK:" ?,.#/,b5GE47}9; î#&9;+H+-%/ ?#/%'3ﬃ4)-)*%&+Lﬃ4)*@<:"%/)-@<:"%
Fλ,µ
%/!C5H!C5G)C,.#5G%/+-%& <5H#&9; eW;%ij%B!*:")





E/)*,bÄ3%/)@<:"%!C, (uˆ, vˆ) %&!C5`:" +-,. ?,.+,6!C%/:")=?% Fλ,µ 7
ﬃ
A69;)*!'9;:?)





! |t| < 1 N
%)CE/!*:?A652ﬃY5%&!C58EWj,6="%& <58!C,
vˆ− tuˆ ∈ X\Gµ N"q$9; e5G)*9
 "!+Hﬃ
,6 <5G%& 3ﬃ




vˆ − tuˆ ∈ Gµ 739
 $ﬃ0\




tˆ 6= 0 5G%&A@<:"% vˆ − tˆuˆ ∈ Gµ %5





























(uˆ+ tˆuˆ, vˆ − tˆuˆ) = (uˆ, vˆ) N

NQ|>,
γ 6= 0 7ﬃ4A.9;)C! vˆ − tˆuˆ  "%p'%/:j5'"ﬃ
!ﬃ
'"'3ﬃ4)C5G%& ",6)QV Gµ #/ﬃ
)Q!*ﬃH+H9s;%/ ? "%p gIK%&!C5'"ﬃ
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nk → +∞ 7
ﬃuW;%/#
(uˆ, vˆ) ∈ X ×Gµ N3ﬂ%`'"A.:"!&739
 $ﬃ?7"'9;:")85*9;:?5 nk ∈ N %&55G9
:?5 v =3ﬃ
 "! X \





nk ∈ N %&55G9
:?5 u =3ﬃ
 "! X \





















X ×Gµ Ç \






















@<:"%\ ‖f − uˆ − vˆ‖ = ‖f − uˆ − v˜‖ NJÛﬃ
):" ?,.#/,b5GEw="%oA.ﬃH'")C9YC%/#&5*,.9; J79; D#/9












X ×Gµ Ç 7"9; $ﬃ ∀v \
Fλ,µ(uˆ, vˆ) ≤ F (uˆ, v) Å t?NKt?N6a Ü Ç





9; $ﬃ ∀u \







Fλ,µ(uˆ, vˆ) = inf
v∈X









Fλ,µ(uˆ, vˆ) = inf
u∈X









































( −f + uˆ+ vˆ + λ∂J(uˆ)























∈ ∂Fλ,µ(uˆ, vˆ) Å t?NKt?Nba 	 Ç
#&%w@<:",%/!5QE&@<:",6W4ﬃ4A.%& <5QVk\
Fλ,µ(uˆ, vˆ) = inf
(u,v)∈X2










:" ?,.@<:"%+-,. ",6+v:"+ ="%
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F (uˆ, vˆ) ≤ F (uˆ, v) ∀v
F (uˆ, vˆ) ≤ F (u, vˆ) ∀u
,6+H'"A6,b@>:?%/ e5
F (uˆ, vˆ) ≤ F (u, v) ∀u, v
Ý~ $%J%5u7_d
	
f="9; ? "%w:? $#&9; <5*)*%nm%ij%&+H'?A.%wﬃuW;%/#wA.ﬃoTU9
 "#&5*,.9; \










,. <5]=?%Q+H,6 ",6+v:"+ M;A69;Z3ﬃ
A"="% F 7<%5l@<:"% (0, 0)
%&!C5Q:? $'9;,6 <58="%`+H,6 ",6+o:?+©=?%
u 7→ F (u, 0) %&5 v 7→ F (0, v) N



















































vˆ ∈ G 5*%/A@<:"%
Hα(f − vˆ, vˆ) = inf
v∈G








































































(u˜, v˜) ∈ X ×X 





























!C%/+-,bm½#/9; e5G,6 >:"%,. jTUE/)*,6%/:")C%/+-%/ e5!C:")
X
N"A%ij,.!5G%`="9; "#
v˜ ∈ X 5G%&A@<:"%




















u˜ = f − v˜ N"ôA.9
)*! (u˜, v˜) %/!C5y!*9;A6:?5G,69; k="% Å tjNõt?N ;Ú Ç N
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vλ ∈ Gµ 7],N%4N ‖vλ‖G ≤ µ N
l9
+H+-%,6AﬃrE&5GE`+-9; <5*)*E=3ﬃ4 "!Aﬃr'?)*%/:jW;%p=?:B%&+H+-%`t?NKt?Nba;7"#/%5*5*%w,. ?E/Meﬃ4A.,b5*E,.+-'"A6,6@<:"%o\











Fλ,µ(uλ, vλ) ≤ Fλ,µ(f, 0) Å t?NKt?N  d Ç
#&%w@<:",%/ e5G)*ﬃKÍ "%








Fλ,µ(uλ, vλ) = J(uλ) +
1
2λ

















‖f − uλ − vλ‖2X ≤ J(f)
73%5
‖f − uλ − vλ‖2 ≤ 2λJ(f) Å t?NKt?NKt  Ç
ﬃ$ "9;)C+H% ‖vλ‖X E&5Gﬃ
 e5oZ9;)C "E/% Å =gIKﬃ
'")*h&! Å t?NKt?N 
 ÇCÇ 79; ö#/9




































7j9; k9;Zj5G,.%& <5\ ‖f − u0 − v0‖X = 0 7
,SNK%4N















)*@<:"%&)@<:"%0'":?,.!*@<:"% ∀λ > 0 7 ‖vλ‖G ≤ µ 7}9
 îﬃ÷\








‖f − u− v‖2︸ ︷︷ ︸
=0







‖f − uλn − vλn‖2






















'9;!C!*h/=?%{:" "%B:" ",6@<:"%B!*9;A6:?5G,69; g7P9
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µ = ‖vˆ‖G #31
ﬁﬀ    8ﬂ §*&3.gi82)
v4

























































‖vˆ‖G = µ 7zﬃ4A.9;)C! uˆ %/!C5y!*9;A6:?5G,69; k="%
inf
u∈X/u=f−v,‖v‖G=µ













~IK%& "!*%&+rZ?A.% {u ∈ X/u = f − v, ‖v‖G = µ} E52ﬃ
 e5y#&9; <5*%/ >:=3ﬃ
 "!





















v′ ∈ X 5G%&A@<:"% ‖v′‖G < µ %&5









u′ = f − v′ 7%&5p9
 (9;Z?5*,.%& <5-\ J(u′) + α‖v′‖G < J(u′) + αµ NqBﬃ







































































































J(u˜) + αµ = J(uˆ) + α‖vˆ‖G NqBﬃ
,6!`#/9
+H+-% (u˜, v˜) %/!5p!*9;A6:?5G,69; {="% Å tjNõtjN ;Ú Ç 7g9; (ﬃ
‖v˜‖G ≤ µ N?ﬂvI9;Ù J(u˜) + α‖v˜‖G ≤ J(uˆ) + α‖vˆ‖G N"Ý}58#&9;+-+H% (uˆ, vˆ) %&!C58!*9;A6:?5G,69; L="% Å t?NKt?N 
Ü Ç 7j9; 
9
Z?5G,6%/ <5@<:"%\
J(u˜) + α‖v˜‖G = J(uˆ) + α‖vˆ‖G Å t?NõtjNKc  Ç
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Zα = {vα, vα %&!C5y!*9;A6:?5G,69; k=":'")*9
Z"A.h&+H% infv∈GHα(f − v, v) Å #T Å t?NKt?N 
Ü Ç*Ç } Å t?NKt?Ncet Ç
Sα = {‖vα‖G, vα %&!C5Q!C9;A.:j5G,.9

















Y : R+ → P(G)
α 7→ Zα
%5



































Y (0) = {f − f¯} * T (0) = ‖f − f¯‖G ﬀ'6 f¯  -)
*C3.j(\(ì#*,.v  f 
























 H+-9; <5*)*%!*:?#/#/%&!*!*,6W;%&+H%& <5A6%/!~5G)*9
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uα = f − vα N
a;NQ|>9;,65

















uα1 = f − vα1
%5























Ý~ $ﬃŁC9;:?52ﬃ4 <5A6%/!=?%/:ji0="%/)C ",.h&)*%/!,. "E&Meﬃ
A6,b5GE&!/7?9; 09;Z?5G,6%/ e5`\



































v, v) = J(f − v) ≥ 0 '9;:")y5G9;:j5 v ∈ G N Ã  D#21"9
,.!*,b5 v0 = f − f¯ Å v0 ∈ G #uﬃ4) v¯0 = 0 Ç 7%&5
9; B9
Z?5G,6%/ <5
H0(f − v0, v0) = J(f − v0) = J(f¯) = 0 NﬂvI9;Ù 0 = minv∈GH0(f − v, v) N Ã  
="E/=":?,65@<:"%
v0 ∈ Z0 N?ﬂ%'?A.:"!&7 J(u) = 0 !*,%&5!*%&:"A.%&+H%& <5!*, u = u¯ N"|j9
,65 v1 :" "%!*9;A6:?5G,69; L="%
minv∈GH0(f − v, v) N Ã  {ﬃL="9; ?# f − v1 = f − v1 NJÝ}5#&9;+-+H% v1 ∈ G 79; {ﬃ
:"!*!C, v¯1 = 0 N
ôA69;)*!
f − v1 = f − v1 = f¯ − v¯1 = f¯ 7,SNK%4N v1 = v0 N Ã  ÷#&9; "#&A.:?5v@<:"% {v0} = Z0 Nl%/A.ﬃ
'")*9;:jW;%wA6%="%/:jij,6h/+-%`'9;,. e5="%`Aﬃo'")C9;'9;!*,b5G,69; gN
t?Nyq$9; e5G)*9; ?!8+Lﬃ4,. e5G%/ "ﬃ










uα = f−vα N
Ûﬃ
)="E&Ä" ",65*,.9; v="% Zα 7
9
 ﬃ'9;:?)5G9
:?5 (u, v) ∈ X×G 5G%&A?@<:"% f = u+v \









J(uα) + α‖vα‖G ≤ J(f) Å t?NKt?N Ú
Ü Ç
• ÛP)C%/+-,.%&)y#/ﬃ
!p\z!C, f %&!C5#&9; "!52ﬃ
 e5G% Å ,SNK% f = f¯ Ç 7ﬃ4A.9;)C! J(f) = 0 NﬂQ9; "# Å tjNõt?N Ú
Ü Ç ,.+-'"A6,6@<:"%
@>:?%




 <5 f  gI%/!5'3ﬃ
!y#/9
 "!C52ﬃ4 <5G% Å ,N%
N f 6= f¯ Ç 7ﬃ






,6+H'?A.,b@<:"%@<:"% ‖vα‖G ≤ J(f)α
N3ôQ,. "!C,





























vα ∈ T (α) 739
 $ﬃ

























α ∈ R+ N>Ûﬃ
)P="E&Ä3 ?,65G,69; -="% Sα 7<9; -W;E&)*,6Ä"%yTÒﬃ



















































(u, v) ∈ X ×G 5G%/A@<:"% f = u+ v \










+∞ 7"9; 9;Zj5G,.%& <5`\





























X ×G 3c3)? ‖v‖G = µ q * (u, v) 
 ^3/:2)3|Z8]*\(5 xó*ì#*2ﬀ    8ﬂ1ä)&3
ÕwÖE G	H:E
å











Tµ = T − µ Ç @<:"%w "9;:?!y="9
 " "9; "!,.#&,N
U QÉ>ÎzÖFV RTE[gÐgÐSÑ3Ðôå0?)1





















a ∈ R ﬀﬃ2;)
@/. b ∈ R &=*SYZ, Lmin(a) ≤ 0 ﬀﬃ2;)



























































































































































































ÞxN3%/:")C!y+-9Łs;%& " "%/!y!C9; <585G9;:?5*%/!85G)*h&!'")*9>#21"%/!y="%`Æ&E/)*9?N
;
%& " 3ﬃ +Hﬃ
M;%Z")C:",65*E/%







u Å A2BC Ç Å λ = 0.1
7




Ç (λ = 57)




















Å u+ v Ç Å λ = 1.0
7



















‖vA2BC‖L2 %/!5Q,6#/,gE&@>:?,6W4ﬃ4A.%/ e5G%wV ‖vROF‖L2 ="ﬃ






























































‖vROF‖L2 %/!5Q,6#/,gE&@<:",6W4ﬃ4A.%& <5G%wV ‖vA2BC‖L2 =3ﬃ
 ?!yA.ﬃÞ,6M;:")C%`t?N  %&5Qﬃ























A6%/ e5G%wV ‖vA2BC‖L2 =3ﬃ




































































+Hh5G)C%/!="%!C9;)C5*%@<:"% ‖vA2BC‖L2 ' ‖vROF‖L2 '
‖vV O‖L2 \;Aﬃ#/9
+H'9;!*ﬃ










































7e#&9;+-+H%8ﬃ4 " "9; ?#/E'3ﬃ
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f − u − v =?,.+-,. <:"%4NÛ~A6:"! µ %&!C5vM
)Gﬃ
 "=J7%&5p'"A6:"! v



































































































































































































































































































































































































































































































































































































































































































































































































%/!-%/ ="%&:ji^#/9;+-'9;!Gﬃ4 <5*%/!/7xASI:" "%$#/9; e5G%& 3ﬃ















































=?9; " "%&)y:" ?%w="EÄ3 ",b5G,.9
 0="%
G


























































































































)C5G%&+H%& <5Q9;!C#/,.A6Aﬃ4 <5*!/73#/%p@<:"%v "9;:"!yTÒﬃ
,6!*9; "!
VkASIõﬃ4,.="%v=gI9;:?5G,6A.!=gIõﬃ4 3ﬃ


































































 ∈ (0, η) 73%5y'9;:")85*9;:?5 x ∈ Ω 7
|B(x, )
⋂
Ω| ≥ A2 Å c"Nba;Nba Ç
9
Ù































































 ∈ (0, R) N Ã  XW;%/:j5p5G)C9;:?W;%&) η > 0 %5 A > 0 5G%&A.!`@<:"% |B(x, )⋂Ω| ≥ A2 '9;:?)
5G9
:?5
 ∈ (0, η) %5'9;:")5G9




































x2 + (y − R)2 = 2 N Ã  B "9
5*%
(xC , yC)










































7<5G%&A@>:?% A ≥ A2 '9;:")]5G9;:j5  ∈ (0, η) N Ã  L#/9; "#&A.:?5lM
);















γ : [0;L] → R2 Å 9;Ù L ="E/!C,.M; "%oA.ﬃLA.9; ?M;:"%&:")=?% Γ Ç N Ã   ?9





































































wn : Ω → R =*"8vYZXv4
!# ‖wn‖L1(Ω) → 0 YZ%3: n→ +∞ 
ﬂ hy*9'zu8
*@
θ ∈ (0, 1) * C > 0 @*
NYZX5/,2@ x *x=  y ∈ Ω
q
|wn(x) − wn(y)| ≤
C|x− y|θ 
gi82;





x ∈ Ω N Ã  ð'%&:?5rE/#&)*,.)C% wn(x) = wn(x) − wn(y) + wn(y) N}l%/A.ﬃD,6+H'?A.,b@<:"%
|wn(x)| ≤ |wn(x)− wn(y)|+ |wn(y)| NzÝ~ $:j5G,.A6,6!Gﬃ4 <58ASIK1es>'9
5G1"h&!*%  739
 9;Z?5*,.%/ e5`\
|wn(x)| ≤ C|x− y|θ + |wn(y)| Å c"N6a
N Ú Ç
|>9;,65
 ∈ (0, η) Å η #/9
+H+-%l="ﬃ
 "!~A.ﬃﬂQE&Ä3 ",b5G,69; oc"Nba;N6a Ç 74%5~ "9
5G9
 "! B = B(x, ) = {y ∈ R2/|x−y| ≤






















|x− y|θ dy +
∫
Ω





%/!5v2;-C3*2n7"9; $ﬃ |B⋂Ω| ≥ A2 NzÝ}5y%& $'3ﬃ
!C!Gﬃ
 e5Q%& $#&9>9;)*=?9; " "E&%/!y':m;Aﬃ4,.)C%/!/7?9; ﬃ0\∫
B















































|wn(y)| dy Å c"Nba;Nba;a Ç
ﬂpIK9;ÙX\









 9;Z?5*,.%& <5 Å #/ﬃ
) ‖wn‖L1(Ω) → 0 Ç \
lim
n→+∞









 ∈ (0, η) 79
 D'%&:?5TÒﬃ
,.)C%  → 0+ 7%59; B9;Z?5G,6%/ e5ﬃ
,6 "!*,@<:"%






+H+-%/!v="E&!*9;)C+Lﬃ4,.!v%& ﬀ+-%/!C:")*%=gI,. e5G)C9>=":",.)C%H:" "%W










































































739; 0="E&Ä3 ?,65yA.ﬃr ?9;)*+-%!*:",bW4ﬃ
 e5G%\
‖v‖G(Ω) = inf
























[−2, 2]2 7"%&5yA.ﬃoTU9; ?#&5G,69; \
ξ(x1, x2) =





































ξ ∈ L∞(Ω) 7 ξ.N = 0 !C:") ∂Ω 7"%&5 v = =",6W ξ ∈ L1(Ω) +Lﬃ4,.!'3ﬃ
!="ﬃ
 "! L2(Ω) N
Û9;:")




















ξn ∈ L∞(Ω) 7 ξn.N = 0 !*:?) ∂Ω 7"%&5 vn = =",6W ξn ∈ L2(Ω) Å %5y="9; ?# vn ∈ G(Ω) Ç N
ﬂ%p'"A6:"!/739; $ﬃ













































































































ξ ∈ C0(Ω¯,R2) ∩W 1,2(Ω,R2) 5*%/A@<:"% v = =",6W ξ %&5 ξ = 0 !*:?) ∂Ω N3ÝP 
'"ﬃ
)C5*,.#/:?A.,6%/)&7?9; ﬃ




































ξ = ∇u N>|j, v %&!C5x=3ﬃ
 "! Lq(Ω) ﬃuW;%/# q > 2 #&%Q'?)*9;Z"A6h/+-%yﬃ
=?+H%5
:? "%v:" ",.@<:"%p!*9;A6:?5G,69; 
Å





















ξ = ∇u ﬃ













































vˆ ∈ L2(Ω) ﬃuW;%/#
vn → vˆ =3ﬃ
 "! L2(Ω) mTU9;)C5&N Ã  Xﬃ vn = =",bW ξn 7ﬃW;%&# ξn 5G%&A.A6%o@<:"% ‖ξn‖L∞(Ω,R2) ≤ µ %&5 ξn.N = 0
!C:")
∂Ω









73%5 ‖ξˆ‖L∞(Ω,R2) ≤ µ N
ﬂ%'"A.:?!/7!*,






ξnφ dx = −
∫
Ω
ξn∇φ dx N8Ý}50="9; "#478#/9
+H+-%










































vˆ ∈ L2(Ω) 7<ASIKE&Meﬃ
A6,b5GE8)C%/!C5*%yWj)*ﬃ
,z=3ﬃ
 ?! L2(Ω) N>Ý~ "!C:",65*%















































































v ∈ G(Ω) N4l9; "!C,.="E&)*9; "!:" "%x!*:?,65G% ξn ∈ L∞(Ω,R2) ﬃW;%&# v = =",bW ξn %&5 ξn.N = 0
!*:?)
∂Ω

























































A6s>!*%TU9; ?#&5G,69; " ?%/A.A6%
N
o7E RdRTE ¿ÐÒÑzÐïgÐèWp"



















































%/!C5:" "%Z9; " "% "9;)C+H%Q'9;:?)lE&5G:?=",.%&)lA.%&!






























∆un = fn in Ω
∂un
∂N




































un ∈ W 2,q(Ω) NqBﬃ
,.!#/9

































y ∈ Ω 739; ﬃ0\


































‖un‖W 2,q(Ω) ≤ B‖fn‖Lq(Ω) Å c"N6a
N 4 Ç
Ý}5y#&9;+H+-%9; !*:?'"'9;!*%w@<:"% ‖fn‖Lq(Ω) ≤ C 7"9; 9;Z?5*,.%& <5`\




gn = ∇un 739



























y ∈ Ω 7"9; $ﬃk\
|gn(x)− gn(y)| ≤ A2(Ω, q, N)|x− y|θ Å c"N6a


















































un → u =3ﬃ











)8:" "%TU9; "#&5*,.9; 

























fn → 0 =3ﬃ










un → u =3ﬃ4 "! W 1,q(Ω) 73%5y="9; "#\
∫
Ω



































l9;+-+-% ‖fn‖Lq(Ω) ≤ C 7,.AP%ij,6!C5G% f ∈ Lq(Ω) 5*%/A.A6%H@<:"%kV$:" "%L%i>5G)*ﬃ











∆unφ dx = 0



















∇un∇φ dx Å c"Nba;Nõt 	 Ç
Ý}5y'":",6!*@<:"%
un → u =3ﬃ
 ?! W 1,q(Ω) \∫
Ω





















































































="%B!*9;)5G%B@>:?% ∇u = 0 =3ﬃ
 "! L2(Ω) %D)*ﬃ








79; D#/9; "#&A.:?5@<:"%o5*9;:?5*%oAﬃH!C:",65*% ∇un %/!55*%/A6A.%p@<:"% ∇un → 0 A.9;)C!*@<:"%
n→ +∞ =3ﬃ
 ?! L2(Ω,R2) TU9;)C5/7u,N%
N gn = ∇un → 0 =3ﬃ
 "! L2(Ω,R2) TU9
)C5uNuﬂvIõﬃ4'")*h&!A.%P%/+-+-%~c"Nba;N  7
9; 09;Z?5G,6%/ e5@>:?%-\



























l9; "!*,6="E/)C9; "!Aﬃr!C:",65*%`="%TU9; ?#&5G,69; "!
fn
="EÄ3 ",6%w!C:")
Ω = (−pi, pi)2 '3ﬃ
)`\






















ξn ∈ L∞(Ω,R2) Nﬂ%-'"A6:"!/7g9; W;9;,65TÒﬃ
#&,.A.%&+-%/ e5`@<:"% ξn.N = 0 !C:") ∂Ω '9;:")5G9
:?5 n > 0 N
ﬂQ9; "#
fn ∈ G(Ω) 73%5y9; $ﬃr#/A.ﬃ
,.)C%/+-%/ e5\










































fn → 0 =3ﬃ




































































f ∈ L2(Ω) N Ã  )Gﬃ















52ﬃ4A.%="% |Du| ="E&Ä3 ?,.%`'3ﬃ






















f ∈ L2(Ω) %/ ="%&:ji#/9
+H'9
!Gﬃ
 e5G%/! (u, v) ∈ BV (Ω)×G(Ω) N
o7E RTRTEw¿Ð6ÏgÐÒÑ3ÐŁWp"
f ∈ L2(Ω) py*~'zu8
*@v382)
 u ∈ BV (Ω) * v ∈ G(Ω) @*









































,. "!:" "%`!*9;A6:?5G,69; gN
ÕpÖŁÎz×~ÎØ/ÌUÍŁÌûÎË¿Ð6ÏÐÒÑ3Ð Wp"
f ∈ L2(Ω) y*x'zu8
*@382;
 uˆ ∈ BV (Ω) * vˆ ∈ G(Ω) =*
YZX
f = uˆ+ vˆ
q
*+4
J(uˆ) + α‖vˆ‖G = inf
(u,v)∈BV (Ω)×G(Ω)/f=u+v






























































un‖L2(Ω) ≤ BJ(un) NPﬂQ% Å c"N  NKt Ç 7}9
 [9;Z?5G,6%/ e5="9; "# ‖un −
∫
Ω
un‖L2(Ω) ≤ BC NPqBﬃ
,.!
#&9;+H+-%



























































































































 <5G,6 >:pA.%&!)CE/!*:?A652ﬃY5G!=?%xAﬃ!*%/#5G,69; "!t?Nõty9;Zj5G%/ <:"!=3ﬃ4 "!:" v#uﬃ
=?)*%x=",.!C#/)*%5uN4Oy9;:"!























‖f − u− v‖2L2(Ω)
!*,
(u, v) ∈ BV (Ω)×Gµ(Ω)









Fλ,µ(u, v) = J(u) +
1
2λ





 <W;%& <5G,69; F@<:"%




















="+-%&5:" "%`:" ",6@<:"%`!*9;A6:?5G,69; gN
ÕpÖŁÎz×~ÎØuÌUÍŁÌûÎËw¿ÐgÐÒÑzÐ©Wp"
f ∈ L2(Ω)  ye,'zu8





































vn ∈ Gµ %&5w\






vn ∈ Gµ 79
 {9





























































































































‖f − un − vn‖2L2(Ω) + χGµ(Ω)(vn)
)
≥ J(uˆ) + 1
2λ













,65Q@<:gI:" "%v!*9;A6:?5G,69; %ij,6!C5G%479; $#n1"%&)*#21"%o:? D+-9Łs;%& B="%vASIõﬃY5*5G%&,. "=?)*%
Nz%
)*E&!*:"Ab52ﬃ45~!*:",bW4ﬃ








































uˆ = f − vˆ − PGλ(Ω)(f − vˆ)






































Fλ,µ(uˆ, vˆ) ≤ Fλ,µ(uˆ, v) 7"#/%`@<:",,6+-'"A6,6@<:"%
NJ\









f − uˆ ∈ (I + λ∂χGµ(Ω))(vˆ)
NgﬂvI9;Ùð\
vˆ = (I + λ∂χGµ(Ω))
−1(f − uˆ) NJÝ~5,.A%/!5
!C5Gﬃ
 "=3ﬃ4)*=="%`#/9; ?#/A6:")*%`@<:"%-\





















0 ∈ uˆ+ vˆ − f + λ∂J(uˆ)










































χGµ(Ω)(v) ≥ χGµ(Ω)(vˆ) +
(
















J(u) + χGµ(Ω)(v) ≥ J(uˆ) + χGµ(Ω)(vˆ) +
(






















Fλ,µ(u, v) ≥ Fλ,µ(uˆ, vˆ)− 1
2λ
‖f − uˆ− vˆ‖2L2(Ω) +
1
2λ
‖f − u− v‖2L2(Ω)
+
(



































































(uˆ, vˆ) ∈ BV (Ω)×Gµ(Ω) q D  ,YZ,5\","\8














































































(u˜, v˜) ∈ BV (Ω) × Gµ(Ω) @*
YZ,






(uˆ, vˆ) ∈ BV (Ω)×Gµ(Ω) 




































































vλ ∈ Gµ 7%&5\
Fλ,µ(uλ, vλ) ≤ Fλ,µ(uˆ, vˆ) 7"#/%`@<:",!*,.M
 ",6Ä3% Å #/ﬃ
) uˆ+ vˆ = f Ç

































λ ∈ [0; 1] 7 ‖uλ‖L2(Ω)
%5y="9; "# ‖vλ‖L2(Ω) !C9; <5yZ9
)* "E&!y'3ﬃ
)8:" "%`#/9; ?!C52ﬃ4 <5G% C > 0 @>:?, "%`="E&'%/ "=$'3ﬃ
!="% λ N



























 9;Z?5*,.%/ e5`\ ‖f − u0 − v0‖L2(Ω) = 0 7",N%















λ ∈ [0, 1] 7 ‖vλ‖G ≤ µ 7
9; w9;Z?5G,6%/ e5="9; "#]M;)D
#/%xﬃ4:v%/+-+H%~c"N6a
Nõt@<:"%
v0 ∈ Gµ NYÝ}5=gIKﬃ
'")Ch/! Å c"NKt?N 4Ü Ç 7u9; vﬃ'9;:")5*9;:?5 λ > 0 \
J(uλ) ≤ J(uˆ) NzﬂpIK9;Ù u0 ∈ BV (Ω) Å #uﬃ
) J(u0) ≤ limJ(uλ) ≤ J(uˆ) Ç N
|j9;,65









‖f − u− v‖2︸ ︷︷ ︸
=0








‖f − uλn − vλn‖2

































'9;!C!*h/=?%(:" "%:" ",6@<:"%!*9;A6:?5G,69; g7x9; F="E&=":",b5@<:"%







































µ = ‖vˆ‖G #31
ﬁﬀ ¾:  "!%$'&3.gh82;
A4



























































































Y : R+ → P(G(Ω)) Å )C%/!C'gN T : R+ → P(R+) Ç
5*%/A@>:?%
Y (α) = Zα Å
)C%/!*'JN



































Y (0) = {f − f¯} * T (0) = ‖f − f¯‖G ﬀ'6 f¯  -)















































Ç*Ç H0(f − v, v) = J(f − v) ≥ 0 '9;:")`5G9
:?5 v ∈ G(Ω) NÝ~ (#n1"9
,.!*,6!*!*ﬃ
 <5
v0 = f − f¯ Å =gIKﬃ
'")Ch/!AﬃÛ~)C9;'9;!*,b5G,69; Dc?N6a;Nba Ç 7 v0 ∈ G(Ω) #uﬃ4) v¯0 = 0 Ç 79; {9;Z?5G,6%/ e5 H0(f −








infv∈G(Ω)H0(f − v, v) N Ã  $ﬃ
="9; "#
f − v1 = f − v1 N>%&5l#/9;+-+H% v1 ∈ G(Ω) 7j9
 kﬃvﬃ
:"!C!*, v¯1 = 0 N>ôA69;)*! f − v1 = f − v1 =
f¯ − v¯1 = f¯ 7",N%
N v1 = v0 N Ã  #&9; "#&A.:?5@<:"% {v0} = Z0 N
t?Nyq$9; e5G)*9; ?!y+Hﬃ
,6 <5*%/ 3ﬃ











vˆ ∈ G(Ω) 5*%/A@>:?% uˆ = f − vˆ ∈ BV (Ω) %&5\










uα = f − vα NÛﬃ
)="EÄ3 ",65*,.9; {=?% Zα 7g9
 (ﬃk'9;:?)5*9;:?5












α→ +∞ 73%&5y%& $:j5G,.A6,6!Gﬃ4 <5 Å c"NKt?N 
	 Ç 7?9; 9;Zj5G,.%& <5`\
a ≤ lim inf
α→+∞










!C9; <5y:" ?,6TU9;)C+HE&+-%/ <5Z9;)* "E&%/!w\
a;N
T (0) = {‖f − f¯‖G}

NQ|>,
α ≥ 0 7zﬃ4A.9;)C!8!C, vα ∈ Y (α) 7"9; $ﬃ































(a, ‖f − f¯‖G) q /,* 2;c3*2 α #31






BV (Ω)×G(Ω) 3c3)? ‖v‖G = µ *¥

















































































































































































































)wE&+H%5p:" "%H9; ?="%H#&9;1"E/)C%/ e5G%
























:")*@<:"9;,9; ﬀ="9; " ?%0A.% "9;+ ="%k!*'%/#;&<A.%09;:

















































%!Cs> e5G1"E5G,.@<:"%w "9; Z?)*:",b5GE/%














































































































'%/:?5ﬃW;9;,6)y:" "%pM;)Gﬃ4 "="%p "9;)C+H%
















































 <5p)*%&!C5G%AI,. e5G%/)C'")*E52ﬃ45*,69; XWj,6!*:"%&A.A6%
NOQE/ﬃ
 "+-9;,. ?!/7A.%/!v)*E&!*:"Ab52ﬃ45*!o@<:"% "9;:?!r9








































































































































































































































Å λ = 0.01
%5



















Å λ = 0.01
%&5




































Å λ = 0.01
%5
































































Û9;:")k5G%/ ?,.)0#&9;+-'?5G%%ij'"A6,.#&,65G%&+-%/ <5k="%XAﬃð 3ﬃY5G:")C%X+o:?5GA6,6'"A6,b#uﬃ45*,bW;%{=": Z?)*:",b5="%
!C'%/#;&<A.%






 e5-=?9; " "E0:" ?%,6+Hﬃ
M;%LZ")*:?,65GE&%
f































































Å λ = 0.1
%&5










Å λ = 0.01
%5















#© ﬂ ° ô Ç Ôy%&!C5Gﬃ
:")GﬃY5G,.9
 
Å λ = 1
%&5










































 "!Aﬃ4@>:?%/A.A6%QAI,.+Hﬃ4M;%Vv#/9;+-'")C%/!*!C%/)8'9;!C!*h/=?%`:" "%)C%/'")CE/!*%& <5Gﬃ45G,69; 0#&)*%&:"!*%473="%!*9;)5G%@<:"%






























7gA6%/!Z9;)C="!`'")CE/!*%& <5*!p=3ﬃ4 "!`:" "%,6+Hﬃ
M;%v!*9; e5
VXASIK9;)C,.M























































































































































































































f − u − v VBA.ﬃ#/9;+-'9;!*ﬃ




































Å λ = 0.1
%5


















Å λ = 0.1
%5
































)*,b5G1"+% ñ¸Ý~ô ñ¸Ý~ô Ý~ô #A
Å 10%
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Y = X ×X N

































































%/!5QA.ﬃoTU9; ?#&5G,69; 0,6 "=",.#/ﬃ45*)*,6#/%=gI:" %/ "!C%/+oZ"A.%TU%&)*+-E
K
N
¯hË	E Rö× M EjØ
å
a;NQ|>,















F (u) = ‖u‖G Å ="EÄ3 ",.%`'"ﬃ
) Å  N  N  Ç*Ç 7"ﬃ
A.9
)*!





F (u) = ‖u‖−1,p Å ="E&Ä3 ?,.%`'3ﬃ4) Å  Nõt?NKt ÇCÇ 73ﬃ4A.9;)C!


















































0 ∈ (1/λ)(u˜− f) + ∂F (u˜) 73,SN%`!*,%&5y!*%&:"A.%&+H%& <5y!*, (1/λ)(f − u˜) ∈ ∂F (u˜) 73#/%
@<:",%/!5QE/@<:",bW4ﬃ
A6%/ e5QV





























F´µ]´³ ý^ÁQÁãÓ»ÓùJë}¼j»¾Pº ë]æﬀ2 ì¾áâãÓÀ¿
u+ v
Ã



















 "#&5*,.9; "!v#/9; eW;%ij%/!/NPñQ [ﬃ
A6M;9;)C,b5G1"+%L 3ﬃY5G:")C%/A'9
:")r+-,. ?,.+,6!C%/)v:? "%5G%/A6A.%


















































































• |j, p = 2 =3ﬃ4 "! Å  N6a;Nbat Ç 7<ﬃ
A.9
)*!P%/ L:?5*,.A6,6!Gﬃ
 e5 Å  Nba;N Ú Ç 9
 HW;9
,65]@>:?%A.ﬃ`+H,6 ",6+-,b!Gﬃ45*,69
 -="% Å  Nba;Nba  Ç
)*%&W>,6%/ e5VTÒﬃ
,.)C%0:" "%$+H,6 ",6+-,b!Gﬃ45*,69















• |j, p = 1 =3ﬃ4 "! Å  N6a;Nbat Ç 7<ﬃ
A.9
)*!P%/ L:?5*,.A6,6!Gﬃ
 e5 Å  Nba;N Ú Ç 9
 HW;9
,65]@>:?%A.ﬃ`+H,6 ",6+-,b!Gﬃ45*,69














• ﬂvIK:" ?%+Lﬃ4 ",.h&)*%-'"A6:"!vM
E/ "E&)Gﬃ
A6%










































'?'9;)C5yVA.ﬃr ?9;)*+-% ‖.‖−1,2 Ç 7",.AJ!*%/+oZ"A6%,. e5GE/)C%/!*!*ﬃ
 e5Q="%`ASIK:?5*,.A6,b!*%&)/N
úHG Iﬁ« «0ªvÇ¯o¢9kð¥5k*¢pª`°­&¬SØ}Æ ¢
u + v
OQ9;:?!Q'")*E&!*%& <5G9



















































































































• u E&52ﬃ4 <5Ä?ijE47z9; #21"%&)*#21"% v !C9;A6:?5G,69; k="%\
inf
v∈Eδ






































vˆ = PEδ(f − u− v)
N









































w˜ = WST (f−u, δ) Å #/9;+-+-%#AöﬃuW;%/A.%5]|j9











































%/!'")C%/:?W;%&!=?%/!)*E&!*:"Ab52ﬃ45*!E& "9; ?#/E/!=3ﬃ4 "!#&%&5*5*%]!*9;:"!Óm!C%/#&5*,.9; w!*9; e5A6%/!+-/+-%/!@<:gIKﬃ
:ol13ﬃ4'",65*)*%]t?N
Oy9;:"!A.%&!="9
 " "9; "!="9; ?#w,6#/,g!*ﬃ
 "!y=?E/+-9; "!C5*)Gﬃ45*,.9; JN
%`'")*%&+H,6%/)8'9
,. e5@<:"%w "9










*^2e "=v*TﬀJ 38ﬂ 54*&KL 38ﬂ "!KﬂZ&?),c3*2^C hc3*2;

(u0, v0) ∈



















































δ = ‖vˆ‖E #31
ﬁﬀJ 38ﬂ "!  &3.gh82;
A4


















































δ = ‖vˆ‖E #31











































=3ﬃ4 "!l ?9;!x%ij'E/)C,.%& "#/%&!/7?9; ﬃw:?5*,.A.,b!*E

























































































































































































































































































































Å λ = 0.5
7























































































































+H'?A.h&5*%/+-%/ e5Q=",bJE&)*%& <5G%4NA)*E/!C9;:?5:" 
'")C9;Z"A6h/+-%="%`'E/ 3ﬃ4A.,6!Gﬃ45*,.9; @<:",%&!C5y'"A.:?!#&9;+H'?A.,6@>:?E
N
ÝP ö#&9; "#&A.:"!C,.9; (=?%H#/%5*5G%H!*%&#&5*,.9; g79; XW;9;,b5p@<:"%47'9
:")p#&9; "!5G)*:?,.)*%-:" ö+-9>="h&A.%@<:",]="E&#/9;+-'9;!*%
:" "%D,.+Hﬃ


















u + v + w
ﬂﬃ
 "!y#/%5*5*%w!*%/#5G,69; g73 "9




u+ v + w Å
 "9;:"!








 '?)*9;'9;!C%w=?%w+-,. ?,.+,6!C%/)AﬃvTU9; "#5G,69; " "%&A.A6%!*:?,6W4ﬃ4 <5G%\
inf
(u,v,w)∈X3












































 <W;%ni?%473'":",6!@<:"% F %/!5
#&9; eW;%ij%p!*:")
X ×Gµ × Eδ N Ã  =?E/=":",b5y="9






X × Gµ × Eδ N Ã  ="E&=":",65`ﬃ4A.9;)C!@<:"% F
%&!C5y!*#&,!*:?)
X ×X ×X N
t?NQ|>9;,65
(u, v, w) ∈ X × Gµ × Eδ N Ã  öﬃ ‖v‖G ≤ µ Nﬂ%H'?A.:"!&7#/9;+-+-% X %&!C5p="%-=?,.+-%/ "!C,.9; 
Ä" ",.%47,.A%ni?,6!C5*%















w ∈ Eδ 7%&5r#&9;+H+-% X %/!5="%=",6+H%& "!*,69; (Ä3 ",6%











X ×X ×X %/!5Q+o:" ",g="%`A.ﬃr "9
)*+-%%/:"#&A.,6=",.%& " "%
N
‖(u, v, w)‖X×X×X =
√





ﬂ9; "#47l!C, ‖(u, v, w)‖X×X×X → +∞ 7lﬃ4A.9;)C!H9; î5G,6)*%$=?% Å  NKt?NKt Ç %&5 Å  NKt?Nc Ç @<:"% ‖u‖X →
+∞ N Ã  (%& (="E/=?:",65w="9; ?#
7 f E52ﬃ
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‖f − u − v − w‖X → +∞ NÝ}5p#&9;+-+H% F (u, v, w) ≥ 12λ‖f − u − v − w‖2X
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tˆ 6= 0 5G%&A@<:"% wˆ − tˆ(uˆ+ vˆ) ∈ Eδ N





















J(uˆ) = 0 Å
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(uˆ+ tˆuˆ, vˆ + tˆvˆ, wˆ − tˆ(uˆ+ vˆ)) = (uˆ, vˆ + tˆvˆ, wˆ − tˆvˆ) N

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• u %&5 w E&52ﬃ4 <5Ä?ijE&!/7z9; #21"%/)C#n1?% v !C9;A.:?5*,.9; k=?%-\
inf
v∈Gµ






• u %&5 v E52ﬃ
 e5Ä?ijE/!&79




























%&!C5$!*,6+-'"A.%&+H%& <5k="9; " ?E/%('"ﬃ
)\
vˆ =















wˆ = PEδ(f − u − v) = f − u − v −WST (f − u − v, δ)
79;Ù
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max(|un+1 − un|, |vn+1 − vn|, |wn+1 − wn|) ≤  Å  NKt?N  t Ç
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F (un, vn, wn) ≥ F (un, vn, wn+1) ≥ F (un, vn+1, wn+1) ≥ F (un+1, vn+1, wn+1) Å  NKt?N  c Ç
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7 ∀n 7 (un, vn, wn) ∈ X × Gµ × Eδ Nl9;+-+-% F %/!5
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X ×Gµ × Eδ Ç \



























9; D!Gﬃ4,65@<:"%\ ‖f − uˆ − vˆ − wˆ‖ = ‖f − uˆ − vˆ − w˜‖ NJÛﬃ
























































































F (uˆ, vˆ, wˆ) = inf
w∈X




F (uˆ, vˆ, wˆ) = inf
v∈X





F (uˆ, vˆ, wˆ) = inf
u∈X





































































 −f + uˆ+ vˆ + wˆ + λ∂J(uˆ)−f + uˆ+ vˆ + wˆ + λ∂J∗ ( vˆµ)






























 ∈ ∂F (uˆ, vˆ, wˆ) Å  NKt?Nc Ü Ç
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F (uˆ, vˆ, wˆ) = inf(u,v,w)∈X3 F (u, v, w) = m
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ψ1(w) = PEδ(f − uˆ − PGµ(f − uˆ − w))
%&5
ψ2(v) = PGµ(f − uˆ −
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µ = ‖v‖G * δ = ‖w‖E #31
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Å σ = 35 Ç u+ v




























f − u− v N?ÛPA6:"!



















































































































(‖Cu‖1 + ‖Dv‖1 + α‖f − u− v‖22 + βJ(u)) Å  Nõt?Nc Ú Ç









































































Å σ = 20 Ç
u u+ v
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Å Ru = u Ç
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X ≥ 0 Ç \





























a ≥ 0 Ç \
































































































































Å α = 40.44
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α2v2 exp− (v)βdv Å 	 N  N6a 	 Ç
a/c
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E(Y 2) = αA
∫ +∞
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Ωk = {x ∈ Ω / i0%&!C5Q="ﬃ
 "!Aﬃo#/A.ﬃ
!*!C%g& } Nﬃ#&9;A.A6%/#5G,.9









































ôQÄ3 H=gI9;Z?5*%/ ",6)]:? "%yTU9
)*+o:"AﬃY5G,b9; oTU9; "#&5*,.9
 " "%/A6A.%'"A.:j5;m





,6Ag%nij,.!C5*%`:" "%TU9; "#5G,69; 0A6,.'"!C#n1?,65GÆ&,.%& " "%















































1 + cos pis
α
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!C, |s| ≤ α
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k=1H(Φk(x)) = 1 ∀x ∈ Ω
NŁOQ9
























FB (Φ1, . . . ,ΦK) =
K∑
k=1




















δα(Φk)|∇Φk|dx = |Γk| Å 	 NKt?N  Ç
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δα (Φk) |∇Φk| Å 	 NKt?N 	 Ç
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F (Φ1, . . . ,ΦK) = F
A(Φ1, . . . ,ΦK) + F
B(Φ1, . . . ,ΦK) + F
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P (U |Cl) N
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)βik δk(Cls) Å 	 NõtjN6a;a Ç
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x ∈ Ωk N












)βik dx Å 	 NõtjN6a  Ç
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)βik dx Å 	 NõtjN6at Ç
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Φ1, . . . ,ΦK
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α ∈ N Ç ATÒﬃ
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Courbe de niveau zéro de Phi_2
Courbe de niveau zéro de Phi_3
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7!C, H1(∂E⋂Ω) < +∞ 7
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/ νE = lim
ρ→0
D1E(Bρ(x))∣∣D1E(Bρ(x))∣∣









t ∈ [0, 1] 7"9;  "9
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Bρ(x) = {y / ‖x−y‖ ≤ ρ} N Ã  v ?9















































FE ⊂ ∂E Å #&T_ 	 c4f Ç \
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i∈I P (Ei,Ω) <∞
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E ∈ B(Ω) 5*%/A@<:"% En → E Å ﬃ






























































P (E˜,Ω) = H1(∂E⋂Ω) Å #&T  Nba;N  Ç N
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BV − ∗ Nﬃ-#&9; "=",b5G,69; 0 ≤ ψ ≤ 1  "9;:"!Q'%&)*+-%&5Q="%p#/9
 "#/A6:")*%p@<:3ﬃ4 <5



















∣∣D1{ψ≥s}∣∣ ds = ∫ +∞
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∣∣D1{ψ≥s}∣∣ ds = ∫ 1
0
P ({ψ ≥ s}, Ω) ds Å  N  N6a
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 <5A.%P=?%/:jij,.h&+-%P5G%&)*+-%P="%]A.ﬃTU9; "#5G,.9















































































































s ∈]0, 1[ N
• |j9;,65 x ∈ E˜ N3ôQA.9;)C! ψ˜(x) = 1E˜(x) = 1
N3ﬂ9; "#
ψ˜(x) ≥ s N3ﬂvI9;Ù E˜ ⊂ {ψ˜ ≥ s} N
• |j9;,65 x ∈ {ψ˜ ≥ s} N]ôA69;)*! ψ˜(x) ≥ s > 0 Nxﬂ9; "# ψ˜(x) = 1 Å #/ﬃ
) ψ˜ = 0 9;:äa Ç N]ﬂvI9;Ù
{ψ˜ ≥ s} ⊂ E˜ N
Ã
 %& $="E&=":",b5Ä3 "ﬃ
A.%&+H%& <5@<:"%47 ∀s ∈]0, 1[ \

























































































































































































































P ({ψ ≥ s},Ω) ds =
∫ 1
0
P ({ψ ≥ s},Ω) ds Å  N  N6aud Ç
#/ﬃ
)









E = {φ > 0} Å E %&!C5l9;:?W;%&)C5l#/ﬃ
) φ #/9
 <5G,6 >:"% Ç N Ã  Lﬃw="9; "# E = {H(φ) > s} ∀s > 0 N
Ã
 $ﬃk\ ∫ 1
0
P ({H(φ) ≥ s},Ω) ds =
∫ 1
0































































a ∈ A 5*%/A@<:"%-\
d(x, a) ≥ d(x,A) ≥ d(x, a)−  Å  N  N  c Ç
Ã
)&7"9; $ﬃk\
d(y, A) ≤ d(y, a) ≤ d(y, x) + d(x, a) ≤ d(y, x) + d(x,A) +  Å  N  N ;Ú Ç
ﬂ9; "#
u(y)− u(x) ≤ d(y, x)−  Nl9;+-+-%#/%&#/,%/!C5W>)Gﬃ
, ∀ > 0 7"9; %/ ="E&=":",65@<:"%-\
u(y)− u(x) ≤ d(y, x) Å  N  N 4 Ç
Ý~5#/9;+-+-%i0%5spC9;:"%& <5y="%&!y)Dm
A.%/!8!s>+HE5G)*,6@<:"%/!&7z9; #&9; "#&A.:?5@>:?%-\
|u(x)− u(y)| ≤ d(x, y) Å  N  N ;	 Ç
• È}E G	ËÌV RTEw«u3Ø å 0 ≥ u(x) ≥ u(y)
ﬃr="E&+Lﬃ4)*#21"%`%/!C5y,.=?%/ <5*,.@<:"%`V#&%/A6A.%=":'")C%/+-,.%&)8#uﬃ4!/N
• U ÖŁÎÌSØuÌPV REw«u3Ø å u(x) ≥ 0 ≥ u(y)
l9; "!*,6="E&)*9; "!A.%!C%/M;+-%/ e5p_ i7 s>fSN ∃ a ∈ [x, y] 5*%/A@<:"% u(a) = 0
Ã
)
d(x, y) = ‖x− y‖ = ‖x− a‖︸ ︷︷ ︸
≥u(x)
+ ‖y − a‖︸ ︷︷ ︸
≥−u(y)
ﬂ9; "#





















φ˜ ∈ Lip(Ω) N Ã   "945G% E˜ = {φ˜ > 0} NzﬂpIõﬃ
'?)*h/!yA.ﬃr'")C%/:?W
%p=":$%/+-+-%  N  Nba;7"9; $ﬃk\∫
φ˜=0



















































































































































































































































































































































































































|Dψ| Å  N  NKt  Ç
OQ9;:?!xﬃW;9
 "!PÄ3 "ﬃ






































E = {φ > 0} )
*~



































































































































































































 o=?9; " "%x,.#/,<:" v%ij%/+-'"A6%l%& o=",6+H%& "!*,69; Ha
7Y=gI:" o9;:?W;%&)C5
Ω













































B = −1 !*:")]A.%&!]!*%/M
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!*:?) {B = −1}
0




















F (ψ2) = 0
7u%&5

















Bψ ≥ −2a N~ﬂ9; "# F (ψ) ≥ nb − 2a N Ã )
F (ψ0) = 2−2a óe="9; "#y!C, ψ %/!5x:" "%TU9; "#5G,.9
 -#/ﬃ
)Gﬃ





nb ≤ 2 N?A%/!58%/ "!C:",65*%ﬃ












l9; "!C,.="E&)*9; "!+Lﬃ4,. <5*%/ 3ﬃ4 <58A.ﬃoTÒﬃ
+-,.AbA6%="%TU9; "#5G,.9
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!C:") {B = −1}
α
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1 + cos pis
α
)
!*, |s| ≤ s˜
α




























































α→ 0 Ç \
0 ≤ s˜ ≤ α %&5 s˜ ∼ α Å  NKt?NKc Ç
ﬂQ%w'"A6:"!/7









































































































































































































































































































|ξ|2 + β2 Å  Nõt?Nbauc Ç
%5yAﬃvTU9; "#&5*,.9; 










































































E/ "h&)*%w%/ |ξ| A69;)C!*@<:"% β → O N Ã  '9;!C%





l%&Aﬃ,6+H'?A.,b@<:"% ∇ψα = δα(φ)∇φ Å #uﬃ


























|∇ψ|2 Å  Nõt?Nba  Ç
ÝP BTÒﬃ









































0 ≤ ψ ≤ 1 N




















































































































































gÐÐÒÑ)l ﬃoTU9; "#5G,69; 
ξ → g(ξ) %&!C5y#/9; eW;%ij%p%&5 C3 =?% R2 =3ﬃ
 "! R N
Å^É
gÐÐ6ÏRl ﬃoTU9; "#5G,69; 
x→ g(q(x)) %/!5Q+-%/!C:")Gﬃ4Z"A.%!*:?) Ω '9;:")85*9;:?5 q =3ﬃ
 "! L1(Ω)2 N
A%ij,6!C5G%`="%&!y#/9; ?!C52ﬃ4 <5G%&!
µi ≥ 0 7 i = 0, . . . , 8 7?5G%/A6A.%&!8@<:"%w'9;:")5G9;:?5 ξ ∈ R2 \
Å^É
gÐÐRl

























1 + |ξ|2 ∀η ∈ R
2, µ6, µ7 > 0












(ξ)ξi ≥ 0 ∀ξ ∈ R2
Å^É
gÐÐH¡Rl ﬃoTU9; "#5G,69; 
t→ h(t) %/!C5y#/9
 <W;%ij%p%5 h′(0) = 0 N
U






















































‖ψ‖W 1,∞(V ) ≤ K(V,Ω) Å  NKt?N  t Ç
















































‖ψβ,‖W 1,1(Ω) ≤ |Ω|
(





















−A(1) ≤ ψβ, ≤ 1 + A(1) Å  NKt?N 
 Ç
*
‖ψβ,‖W 1,1(Ω) ≤ |Ω|
(































































































































































































































Å M1 ≥ 1 Ç \
4(M1 − 1)3
β5
> ‖B‖L∞(Ω) Å  NõtjNõt 	 Ç
,SNK%4N"!*,%5y!*%/:?A.%/+-%/ e5y!*,~\























































































































λ→ 0 7u9; `9











N"ﬂ%`'"A.:"!&7"9; +-9; e5G)*%#/9;+-+-%=3ﬃ4 "!AIE&5Gﬃ













































−α ≤ ψβ, ≤ 1 + α Å  NKt?NKc 	 Ç
ÕwÖE G	H:E
å














 → 0 =3ﬃ




























































‖ψβ‖W 1,∞(V ) ≤ K(V,Ω) Å  NKt?Nc  Ç





















































































φ ∈ W 1,1(Ω)⋂L2(Ω) N Ã  '9;!*% ψα = Hα(φ) N Ã  $ﬃ0\

























F 0α,β(φ) ≥ inf
φ












































































































































−1− α ≤ φα ≤ 1 + α Å  NKt?N Ú c Ç
ÕwÖFE GIH:E
å






























β(α) → 0 =3ﬃ













































































































































































,b5p'%/)C+H,6!w="%-5G)C9;:?W;%&)v=?%/!v!C9;A.:?5*,.9; ?!w#&9; <5*,. <:"%/!&NOyEuﬃ
 ?+H9;,6 "!/79; ö'%&:?5o@<:3ﬃ4 "=÷+-/+-%-="9; ? "%/)







Bi ∈ L∞(Ω) 7 1 ≤ i ≤ n N Ã   "9
5*%\





























































































Vr:" %/ "!C%/+oZ"A6%`="%`+H%&!*:")C% H1  >:?A.A6%'")Ch/!&N
´Uüy´½³ çv»Àº Àºx¼jÂ?À©í´Òüy´Òøï{ÀJ¼ßíª´Uüy´Òüï
ÕpÖŁÎz×~ÎØuÌUÍŁÌûÎË£gÐÀ¿ÐÒÑ3ÐWp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α → 0 NJq$ﬃ
,.!y#/9
+H+-%










Ý~ ?Ä3 g7? "945G)*%E5G:"=?%5*1"E/9
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+ signe(v(x, t0)) (|Du| − 1) = 0
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Ngﬃ0A6,65*5*E/)*ﬃ45G:")C%o#&9; "#/%&)* 3ﬃ4 <5pA6%/!!*9;A6:?5G,69; "!="%
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+H,6Ab5G9
















































%5- "9;:"!9;Zj5G%/ ?9; "!:" "%0="%/!C#/)C,.'?5*,.9; ﬀ#&9;+H'?A.h5G%k=?%!*ﬃ{TU%/)C+H%5G:")C%
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:" $)CE/!C:"A65Gﬃ45y=gI%ij,.!5G%& "#/%p%&5Q=JIK:" ?,.#/,b5GE473%5Q "9;:?!Q9
Z?5G%& "9; "!y:" "%`TU9;)C+o:"A.%%ij'"A6,.#&,65*%`'9
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u0(x) = v(x, t0)
x = signe(u0(x))














 " <:"Aﬃ4 <5!*:")
Γ = {x/u0(x) = 0} N
ﬂﬃ

























2 =?%lA.ﬃ "9;)*+-%]%&:"#/A6,.=",6%/ " "%P%&5="%xA.ﬃ85G9;'9;A69;M;,6%~,. "=?:",65*%
NŁﬂﬃ
 "!5G9;:j5G%xA.ﬃ!*%/#5G,69; od?N  7
A6%/!=?,.!C5Gﬃ


























+-E&5G)C%/) Γi '3ﬃ4)Q!*9; {ﬃ




































¡gÐ6ÏÐïRl ∀i 7 Γi %/!C5yM;E&9;+HE5G)C,.@<:"%&+H%& <58TU%&)*+-E/%473,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t?N ‖x‖ ="E/!C,.M; ?%`Aﬃo "9;)*+-%%/:?#/A.,6=",6%/ " "%="% x N
ﬂﬃ
 "!5*9;:?5*%rAﬃ!C:",65*%























































x ∈ R2 Ár,6Ag%nij,.!C5*%pﬃ4:+H9
,. "!  '9;,. e5G!8=",.!5G,6 "#&5*!8s%&5yÆ`=3ﬃ
 ?! Γ 5*%/A.!8@<:"%-\





























,. "!:" E/A6E/+-%/ e5
y ∈ Γ 5*%/A@<:"%





















































































p(x) ∈ Γ 7"%&5 κ(y) ="E/!C,.M; ?%`Aﬃr#&9;:")CZ":")*%`="% Γ %/ y N
Ã



























































































































∀ x ∈ R2\S¯ 4
























‖∇u(x)‖ = 1 '?)*%/!C@<:"%p'3ﬃ
)5G9;:?5 Å d?N  N Ú Ç
Ê0ËIE[«u"ÖF,«
ÍÉ<ÖYÌÒØZ?ÍŁÌUÎËêIE M ÌÒØ&Í"Ë~«uEDØ/Ì O ËÉ E
Ã
 ="9
 " "%B,6#/,:" "%B#uﬃ4)Gﬃ
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u(x) = 0 ⇔ x ∈ Γ Å #uﬃ




























































|x+ y − z|+ h) ≥ inf
z∈Γ
|x− z| ∀h ∈ [0, u(x)] Å d?N  N6a/c Ç
Ý}5y9; ﬃ-ﬃ
,6 "!*,g+-9; e5G)CE:" "%`,. "E&Meﬃ
A6,b5GE="ﬃ















|x+ y − z|+ h) Å d?N  Nba Ú Ç
|>9;,658%/ "#&9;)C%^\

















z¯ ∈ Γ 5G%&A@>:?% u(x) = d(x,Γ) = |x− z¯| N
ﬂQ9; "#
u(x) < h+ inf
|w−x|=h
















w¯ − x = h
u(x)
(z¯ − x) 7"#/%`@<:",,.+-'"A6,6@<:"%o\














|w¯ − z¯| = u(x)− h
u(x)
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Ç ∈ SN %5 Å*Å yn Ç 7 Å zn Ç*Ç ∈ ΓN × ΓN Å ﬃW;%&# yn 6= zn ∀n Ç 5G%&A.!8@>:?% ∀  ∈ N \
‖xn − yn‖ = ‖xn − zn‖ = d(xn,Γ) Å d?N  N ; Ç
Ã
 !C:"'"'9;!C%p@<:"%












‖xn − yn‖ = d(xn,Γ) ≤ ‖x− xn‖+ d(x,Γ) ≤ r + ρ Å d?N  N  t Ç
Ã
 $ﬃr="9; "#
‖yn − x‖ ≤ ‖yn − xn‖+ ‖xn − x‖ ≤ ρ+ 2r Å d?N  N  c Ç
Ý}5y="%`+-/+-%r\
‖zn − x‖ ≤ ρ+ 2r Å d?N  N ;Ú Ç
Oy9;:"!yﬃW;9
































































y = z = p(x)
N3Ý}5y="9; "#\
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κ(z) ≤ 0 '9
:")]5G9









5*% C AI%/ eW;%/A.9
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 ?! V(r) N
Ã
 ¡E/#/)C,65
rn = ‖xn − yn‖ N8ﬃ÷#/9;:")CZ":")C%=":¸#&%/)C#/A.% Cn ="9







Nl9;+-+-% Cn %&!C5L52ﬃ4 "M;%/ e5kV Γ Å ,. e5GE/)C,.%&:")*%&+H%& <5 Ç %& yn Å #uﬃ4)



























:?W;%/)5v="9; e5pA.%Z9;)*=(%&!C5 Cn NÝ}5v#&%/A.ﬃ "%-'%/:?5p&5G)C%-W>)Gﬃ
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n→∞ =3ﬃ4 "!xA6%/!P,. "E&Meﬃ













= κ(y) = κ
9;Ù












%p#&%/)*#&A.% C 7="%v#&%/ e5G)*% x %5=?%v)Gﬃus;9; r 7%/!5A.%w#/%&)*#&A.%v9





%&5 C N3ﬂpIK9;Ù x %/!5y:" 0'9;,. e58="%#/9














































!*9; "!H+Lﬃ4,. <5*%/ 3ﬃ4 <5A.%0#/ﬃ
!H,6 <W;%&)*!*%(\ ∀r > 0 7P,.A%ij,.!5G% t ∈ V(r)\{y} =




7z9; B'%/:j5!C:"'"'9;!C%/)@>:?% V(r) '9;!C!*h/=?%o="%/:>iB#/9
+H'9;!*ﬃ
 e5G%/!Q#&9; " "%ni?%&!
V1(r) %&5 V2(r) NﬂvIKﬃ
'")*h&!ASI1<s>'9
5G1?h/!*% ÅÉ d?N  NKt Ç 7zA.ﬃ-#/9;:?)*Z":")C%v="% Γ %&!C5="9
 "#v!5G)C,.#&5*%/+-%/ e5
'9;!*,b5G,6W;%!*:?) V1(r) %&5eÁY9;: V2(r) N]|>:"'"'9;!C9; "!-'3ﬃ4)%nij%/+-'"A.%k@<:"%0AﬃD#/9
:")*Z":?)*%0="% Γ !*9
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κ(y) = ∞ Ç @<:"% r = 0 7",.% x ∈ Γ %&5 Γ  "9
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K2;
 |κ ﬀ/~ﬀ"zb&)& | )
*È r\ﬁ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8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*2e?*  |κ| * Γ =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+ signe(u0(x)) (|Du| − 1) = 0
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∀Φ ∈ C2(Ω) 73!C, x0 ∈ Ω %/!5Q:" '9;,6 <58="%`+LﬃYij,6+o:"+©A69>#uﬃ
AJ="% u− Φ 9; $ﬃk\















∀Φ ∈ C2(Ω) 73!C, x0 ∈ Ω %/!5Q:" '9;,6 <58="%`+H,6 ",6+o:?+©A69>#uﬃ
AJ="% u− Φ 9; $ﬃk\
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Γ = {x/u0(x) = 0} N"Û9;:") x ∈ R2 7"9
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Ω+ = {x/u0(x) > 0} AI%i>5GE&)*,6%/:") Å ﬃ




















{x/u0(x) = 0} igi82)




2 × R+ 
Ô%/+Hﬃ
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)*+-E/+-%/ e5#&9; <5*,. <:"%~!*:")
Ω×[0, T ]
∀ T > 0 NzÛ9
:")y#&%/Aﬃj73 "9;:?!Qﬃ
A.A69; "!+H9
 <5G)C%/)8@<:"% u %&!C5Q:" ",bTU9;)*+-E/+-%& <58#/9; e5G,. <:"%`!*:") Ω+ × [0, T ] ∀
T > 0
7j!C:")
Ω−× [0, T ] 7 ∀ T > 0 7?%58!*:") V × [0, T ] ∀ T > 0 Å 9;Ù V %/!5:? W;9;,.!C,. 3ﬃ4M;%Q=3ﬃ
 "! R2 ="%
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ρ(r) = sup(|u(x)− u(y)|/|x− y| ≤ r Ç 739; ﬃ0\
u(x, t)− u(xˆ, tˆ) = inf
{|y|≤t}
(u0(x+ y) + t)− inf
{|y|≤tˆ}
(































(xˆ− bˆ, x− a) =
4Üe
−|xˆ − bˆ||x − a| Å 9;Ù (, ) =?E/!*,6M; "%A6%L'")*9>=":?,65o!C#uﬃ
A.ﬃ
,.)C%L%&:"#&A.,.=?,.%/ Ç NÝ~ ﬀ'3ﬃ4)C5G,6#/:"A6,6%/)&79; ðﬃ
a ∈ B(x, t) Å '":",6!*@<:"% |λ| ≤ 1 Ç NzÝ}5Qﬃ
,6 "!*, Å d?NõtjN6a
a Ç ="%W>,.%/ e5w\
u(x, t)− u(xˆ, tˆ) = inf
{|y|≤t}
(u0(x+ y) + t)− u0(bˆ)− tˆ
≤ u0(a)− u0(bˆ) + t− tˆ
≤ ρ(|a− bˆ|) + t− tˆ
qBﬃ
,.!
|a− bˆ| = |a− x+ x− xˆ+ xˆ− bˆ|




ρ(r + s) ≤ ρ(r) + ρ(s) 7"9; %& $="E&=":",b5y@<:"%-\
u(x, t)− u(xˆ, tˆ) ≤ ρ(|x− xˆ|) + |t− tˆ|+ ρ(|t− tˆ|)
Ã
 0+H9; e5G)C%="%`+H&+H%@>:?%-\
u(x, t)− u(xˆ, tˆ) ≥ − (ρ(|x− xˆ|) + |t− tˆ|+ ρ(|t− tˆ|))
Ã
 09;Z?5G,6%/ e58Ä3 3ﬃ
A6%/+-%/ e5@<:"%-\







t ≥ tˆ ≥ max(tx, txˆ) N Ã  $ﬃﬃ
A69;)*!\
|u(x, t)− u(xˆ, tˆ)| = |u(x, tx)− u(xˆ, txˆ)|
= |d(x,Γ)− d(xˆ,Γ)|
ﬂvIK9
Ùg73#/9;+-+-%A.ﬃr=",6!C52ﬃ4 "#/%`%&:"#/A6,.=",6%/ ? "%%/!C5wa&m½A.,6'"!C#n1",b5GÆ&,6%/ " "%o\
|u(x, t)− u(xˆ, tˆ)| ≤ |x− xˆ| Å djNõt?Nbat Ç
Ý~5Gﬃ
'%wt0\z|j:"'"'9;!C9; "!y%/ jÄ3 $@<:"%
tˆ ≥ txˆ %&5 t ≤ tx N Ã  $ﬃ-ﬃ
A69;)*!\
|u(x, t)− u(xˆ, tˆ)| = |u(x, t)− u(xˆ, txˆ)|
Ã










 9;Z?5*,.%/ e5="9; ?#-\
|u(x, t)− u(xˆ, txˆ)| ≤ ρ(|x− xˆ|) + |t− txˆ|+ ρ(|t− txˆ|)
ﬂvIK9
Ù(\
|u(x, t)− u(xˆ, tˆ)| ≤ ρ(|x− xˆ|) + |tx − txˆ|+ ρ(|tx − txˆ|)
Ã
)
|tx − txˆ| ≤ |d(x,Γ)− d((xˆ,Γ)| ≤ |x− xˆ|
Ý~58Ä3 3ﬃ
A6%/+-%/ <5\





,. ?!*,zAI:" ",bTU9;)*+%#/9; e5G,6 >:",b5GE="%
u
!*:")
Ω+× [0, T ] 7>#uﬃ4)/7>#&9;+H+-% u0 :" ",bTU9;)*+-Em
+-%/ e5#/9; e5G,. <:"%4739; $ﬃ














Ω− × [0, T ] ∀ T > 0 N
Ý}5Gﬃ
'%Lt\q$9; e5G)*9
 "!p%& ?Ä3 ö@<:gI,.A~%ij,.!5G% V :" XW;9;,6!*,. "ﬃ
M;%="ﬃ
 "! R2 ="% {x/u0(x) = 0} Ç 5*%/A
@<:"%H\ ∀T > 0 7 u %/!5#&9; <5*,. <:"%p!C:") V × [0, T ] Å A.%`5*1"E/9





 <5G,6 >:"%!*:") V × [0, T ] Ç N











(V × [0, T ]) \{x/u0(x) = 0} N
Û9
:")#/9
 "#/A6:")*%473,.AJ!*:1J5y="9; "#`="%`+-9; <5*)*%/)@>:?%
u















(d(x,Γ) ≤ η) ⇒ (|u0(x)| ≤ 3)
|>9;,65










t ≤ tx 73ﬃ
A.9;)C!\
|u(x, t)| = | inf
{|y|≤t}



















 %& $=?E/=":",b5Qﬃ4,. "!C,A6%)*E&!*:"Ab52ﬃ458W;9;:?A.:gN

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%&!C5:? ",6TU9;)C+HE&+-%/ e5-#/9; e5G,6 >:"%!*:")
R
2×R+ N Ã  -Ä?ij% (x0, t0) ∈ R2×R+ Nj|j9













u(x0) 6= 0 NzOy9;:"!!*:"'"'9








u(x0, t0) = d(x0,Γ)
%5 ∂u
∂t





F (x0, DΦ(x0, t0)) ≤ 0 7>,.% −1 + |DΦ(x0| ≤ 0 NjÛﬃ
)l!C9;:"#/,="%#/A.ﬃ
)C5*E











h+ u(x0 + x)− Φ(x0 + x) ≤ u(x0)− Φ(x0) + h Å d?NKt?Nba Ú Ç
⇔ u(x0 + x) + h ≤ u(x0)− Φ(x0) + Φ(x0 + x) + h Å d?NKt?Nba  Ç
⇒ inf
|x|=h
















(Φ(x0 + x)− Φ(x0)) ≥ −h Å d?NKt?Nba  Ç
Ã
)









|Dφ(x0)| ≤ 1 + 0(h) Å djNõt?N 
Ü Ç
Ã





















 X'%&:?5wE/Meﬃ4A.%/+-%/ e5` ?9
5G%&)`@<:gI9; öﬃk%/ TÒﬃ
,b5+-9; <5*)*Er,6#/,}@<:"%Aﬃ=",6!C52ﬃ4 "#/%!C,.M; ?E/%E52ﬃ
,b5
!C9;A.:?5*,.9; k=?%`W>,6!*#/9
!*,65*E`="%`ASIKE&@>:"ﬃ45G,69; 0!52ﬃ45*,.9; " "ﬃ
,.)C%ﬀ\





Å h > 0 Ç
7"9; $ﬃ0\













































Φ(x0, t0)− Φ(x0, t0 − h) = h∂Φ
∂t











(Φ(x0 + y, t0 − h)− Φ(x0, t0 − h)) = inf|y|≤h (−|y||DΦ(x0, t0 − h)|) + 0(h
2)













(x0, t0) + (|DΦ(x0, t0 − h)| − 1)︸ ︷︷ ︸
=F (x0,DΦ(x0,t0))
















































F∗(x0, DΦ(x0, t0)) = min (0, |DΦ(x0, t0)| − 1, 1− |DΦ(x0, t0)|) Å d?NKt?Nõt  Ç
Ý}5
F ∗(x0, DΦ(x0, t0)) = max (0, |DΦ(x0, t0)| − 1, 1− |DΦ(x0, t0)|) Å d?NKt?Nõt
t Ç
ﬂQ9; "#






















u0(x) ≥ 0 !C, x ∈ Ω+











+ |Du| − 1 = 0
u(., 0) = u0bΩ+











− (|Du| − 1) = 0
u(., 0) = u0bΩ−
































'9;!C!*h&="%:" "%r:? ",.@<:"%o!*9;A6:?5G,69; B="%oW>,6!*#/9
!*,65*Eo:" ",bTU9;)*+-E/+-%& <5
#&9; <5*,. <:"%!*:")





























































v : R2 × R+ 7→ R2
v(x, t) = x inf|y|≤t



















Ω+ × R+ %&5o!C:") Ω− × R+ NqBﬃ
,6! v  gI%&!C5r'3ﬃ
!
 ?E/#/%&!*!Gﬃ4,.)*%&+H%& <5y:" "%TU9; "#5G,69; 0#&9; <5*,. <:"%`!C:")







Ω× R+ Å ﬃ







































2 (|x| − 1) + t !C, |x| ≤ 1 %5 t ≤ 1− |x| = tx
|x| − 1 !*, |x| ≤ 1 %&5 t ≥ 1− |x| = tx
2 (|x| − 1)− t !C, |x| ≥ 1 %5 t ≤ |x| − 1 = tx








2 (|x| − 1) + t !*, |x| ≤ 1
2 (|x| − 1)− t !*, |x| ≥ 1 %5 t ≤ |x|







R × R+ 7}+Lﬃ4,.!o#&%0 gI%/!C5-'3ﬃ4!A.%#uﬃ
!r'9;:") v \},6Al!*:1J5-%/ [%J%5-="%
#&9; "!*,6="E/)C%/)
v(1 + , t)
%&5
v(1− , t) '9;:?) t ﬃ
!*!C%/ÆwM;)*ﬃ
 "=gN
Ý´Òøy´Òø ¤8»ì æãÓë}¼?»Ó¾Pº ºæì·gÂ"»=ãæQÀßáÀäãbnPâ0¶Õ áQÀäÂ?·»ºQ»½¼?»ÓëPãÓ»¿jë}¼j»¾Pº
Ã
 î+-9; e5G)*%0:" î%ij%&+H'"A6%="%)*E&,. ",b5G,.ﬃ








 "!#&%&5-%ni?%&+-'"A.%47}9; [ﬃ{:?5*,.A.,b!*EL:" [!C#n1"E&+Lﬃﬃ
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ﬂﬃ
 "!o#&%&5*5*%!*%&#&5G,69; g79
 öW;%/:?5rE5G%/ ?=")*%A.%&!v)*E&!*:"Ab52ﬃ45*!v="%A.ﬃ$!C%/#&5*,.9; ÷'")CE/#&E/="%& <5G%0VB="%&!o9;'E/)*ﬃYm
5G%&:")*!w13ﬃ
















+ signe(u0(x))H(Du) = 0





































































































Γ = {x/u0(x) = 0} N
Ã








infz∈R2 [u0(x− tz) + tH∗(z)] !C, x ∈ Ω+ %5 t ≤ tx
dL(x,Γ)
!C,
x ∈ Ω+ %5 t > tx
supz∈R2 [u0(x+ tz)− tH∗(z)]
!C,
x ∈ Ω− %5 t ≤ tx











inf{t ∈ R+/ infz∈R2 [u0(x− tz) + tH∗(z)] = dL(x,Γ)} !C, x ∈ Ω+
inf{t ∈ R+/ supz∈R2 [u0(x+ tz)− tH∗(z)] = −dL(x,Γ)}
!C,

















































































u(x, tx) = dL(x,Γ)
!C,
x ∈ Ω+ %5 u(x, tx) = −dL(x,Γ) !*, x ∈ Ω− 7P%5
x 7→ dL(x,Γ) %/!5HAﬃ{!*9;A6:?5G,69; ﬀ=?%0W>,.!*#&9;!*,b5GE0="%ASIKE&@>:"ﬃ45G,69; ﬀ!C52ﬃY5G,.9
 " 3ﬃ













































































79; ﬃ ∀x ∈ R2 7 ∀t ≥ infR2 H \
sup
{p/H(p)=t}














































ﬃ4!*!*9>#&,.E&%pVr#/%5*5G%` "9;)*+-%%/!5Q=?9; " "E&%w'3ﬃ
)\











































































































































































[u0 (x− hξ − ty) + tH∗(y) + hH∗(ξ)]
A%/!C5#&Aﬃ
,6)@>:?%
B ≤ A NJq$9; e5G)*9
 "!AI,. ?E/Meﬃ4A6,b5*Ew,6 <W;%&)*!*%L\J|j9;,b5 ξ %&5 y =3ﬃ















u0 (x− (t+ h)z) + (t+ h)H∗(z) =




















≤ hH∗(ξ) + tH∗(y) Å d?NKc?N6a Ú Ç
Ã
 %/ ="E&=":",65`\
u0 (x− (t+ h)z) + (t+ h)H∗(z) ≤
u0 (x− hξ − ty) + hH∗(ξ) + tH∗(y)
#&%p@<:",,6+H'"A6,b@<:"%
Å










A ≤ B Å d?Nc"N6a  Ç
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* 2 R2\Γ *
R







































































(x0, t0) ∈ R2 × R+ 7P%5 Φ :? "%0TU9; "#5G,.9













x0 ∈ Ω+ Å A.%D#/ﬃ















h > 0 Ç
739
 $ﬃ0\













u(x0 − hy, t0 − h) + hH∗(y)




(u(x0 − hy, t0 − h) + hH∗(y))
≤ inf |y|≤ 1

(Φ(x0 − hy, t0 − h)− Φ(x0, t0) + hH∗(y)) + u(x0, t0) Å d?Nc"N6aud Ç
#/%`@>:?,%& <5*)Gﬃ
,6 "%
infy∈R2 (u(x0 − hy, t0 − h) + hH∗(y))
≤ inf |y|≤ 1




















x 7→ tx %&!C5y#/9; e5G,. <:!C:") Ω+ Ç \
inf
y∈R2











(u(x0 − hy, t0 − h) + hH∗(y)) = inf
w∈R2















Φ(x0, t0) ≤ inf
|y|≤ 1





Φ(x0, t0)−Φ(x0, t0−h) ≤ inf
|y|≤ 1

(Φ(x0 − hy, t0 − h)− Φ(x0, t0 − h) + hH∗(y)) Å d?Nc"N  t Ç
q$ﬃ
,.!









τ(h) ∈ [t0 − h, t0] N}Ý}5 Å 9; ð)*ﬃ









Φ(x0 − hy, t0 − h)− Φ(x0, t0 − h) = −h(DΦ(ξ(h, y), t0 − h), y) Å d?Nc"N ;Ú Ç
9
Ù





(x0, τ(h)) ≤ inf
|y|≤ 1





(x0, τ(h)) ≤ inf
|y|≤ 1











τ(h) → t0 Å djNKc"N 
 Ç
%5




(x0, t0) ≤ inf
y∈R2













































H (DΦ(x0, t0)) ≤ 0 Å d?Nc"NKt  Ç











h+ u(x0 + x)− Φ(x0 + x) ≤ u(x0)− Φ(x0) + h Å d?Nc"NKt;t Ç




(u(x0 + x) + h)︸ ︷︷ ︸
= u(x0) ÃÅÄÇÆÈ¢É©Ê;ËÌÍÆZÎOÉ©ÏªÈ)ÏÐË¼ÑÓÒ¼ÑÔÏªÕ3Ö,× Ø×ÓÙ
(u(x0) = dL(x0,Γ))
≤ u(x0)− Φ(x0) + inf
L(x)=h









(Φ(x0 + x)− Φ(x0)) ≥ −h Å d?Nc"NKt  Ç
qBﬃ
,.!
































































































































































































































































































































































 $ﬃ ∀t ≥ 0 \













F∗ (x0, DΦ(x0, t0)) ≤ 0 Å d?Nc"N Ú d Ç
qBﬃ
,6!


































Ω+ = {x/u0(x) > 0}  D-DYZ13^A
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A.A6%/)l'"A.:"!8A69;,. gN?ﬂQ9;)*E& 3ﬃW;%& <5/7z "9;:"!!C:"'"'9;!C%/)*9


















|u0(x)| ≥ dL(x,Γ) ∀x ∈ R2 Å djNKc"N e Ç
Ã
 0)*%& <W;9























infz∈R2 [u0(x− tz) + tH∗(z)] !*, x ∈ Ω+









f : R2 × R+ 7→ R '"ﬃ
)`\























v(x, tx) = xdL(x,Γ)
7,N%
N


















f(x, t) ≤ 0 '9;:")5G9;:?5 t ∈ [0, tx]
Å
)C%/!C'gN






















x ∈ R2\Γ 7",.AJ%ij,.!5G% βx > 0 5G%&A@<:"%-\{
f(x, t) ≤ 0 ∀t ∈ [0, tx]







x ∈ R2\Γ 7",.AJ%ij,.!5G% βx > 0 5G%&A@<:"%-\{
f(x, t) ≥ 0 ∀t ∈ [0, tx]





















(H∗(x)− |x|‖∇u0‖∞) > 0 Å d?Nc"N e	 Ç
























































































































































x ∈ Ω+ Å A.%w#uﬃ
! x ∈ Ω− %&!C5!*,6+H,6A.ﬃ4,6)C% Ç NﬂpIõﬃ




f(x, 0) ≤ 0 NzﬂvIKﬃ
:?5*)*%`'3ﬃ
)5u7"9; $ﬃk\
v(x, t) = inf
z
(u0(x− tz) + tH∗(z))













z ∈ R2 \































































* x ∈ Ω+ q 382;
0/,2@ t ≥ 0 N4
0 ≤ u(x, t) ≤ dL(x,Γ) Å d?Nc"N 	 c Ç
• 
* x ∈ Ω− q 382;
0/,2@ t ≥ 0 N4




t ≥ 0 4
lim
x→Γ















 v+-9; <5*)*%]!*,6+H'"A6%/+-%& <5A.%]'")*%&+H,6%/)'9;,6 <5=?:oA.%&+H+-%
NY|j9
,65
x ∈ Ω+ 7Y#&9;+-+H% u(x, 0) =
u0(x) ≤ dL(x,Γ) 7J9; ﬃ=JIõﬃ
'?)*h/! Å d?Nc"NKt Ç %&5 Å^É d?NKc?N Ú Ç 7 f(x, t) ≤ 0 !C, t ≤ tx 7%&5=gIKﬃ
'")Ch/! Å djNKc"N  Ç 7
u(x, t) = dL(x,Γ)
!C,
t ≥ tx Nzﬂ9
 "#
73'9;:")5G9;:?5 t ≥ 0 \














9; Dﬃ ∀t > 0 %5 ∀y ∈ R tH∗ (y
t
) ≥ L(y) Ç 7z="9; "#
'9;:")5G9;:j5
t ≤ tx
u(x, t) = inf
y
(














































u0(x− y) < 0 7"ﬃ
A69;)*!l,.A%ni?,6!C5*% z !*:?)8A.%!C%/M;+-%/ e5 [x, x− y] 5G%&Ag@<:"% u0(z) = 0 N"ﬂ%'"A6:"!/7 z
!/IE/#&)*,b5Qﬃ
:"!C!*,P\
z = (1− λ)x+ λ(x− y) = x− λy '9
:"):" #/%&)C5Gﬃ
,. λ ∈ [0, 1] N
l9;+-+-%
dL(x− y,Γ) =?E/!*,6M; "%`A.ﬃ L =?,.!C5Gﬃ
 "#&%`="% x− y V Γ 7"%&5y'":",6!*@<:"% z ∈ Γ 739
 $ﬃ0\













































x 7→ tx )
*?),",,j







x ∈ R2\Γ N|>9;,65 (xn) :" "%!C:",65*%r="%'9;,6 <5*!=3ﬃ
 ?! R2 5*%/A6!@>:?% xn → x A.9;)C!*@<:"%





































f(x, t) ≤ 0 ∀t ∈ [0, tx] Å d?Nc"N 
Ü Ç











f(x, t) (tx − t)+ ≤ 0
'9;:")85*9;:?5
t ∈ R+ Å d?NKc?N ; Ç
9
Ù





Å ∀t ∈ R+ Ç \
























































 %/ ="E/=":?,65="9; "#`@<:"%-\






f(xn, txn) = 0
NzÝ~ $'"ﬃ
!*!*ﬃ
 <5QVA.ﬃrA6,.+-,5G%47?9; 09;Z?5G,6%/ e5yﬃ
,. ?!*,













tx ≤ ξx Å d?NKc?N ;	 Ç
ﬂpIK9;Ù



















x 7→ tx %/!5Q#/9
































































2 × R2 × R+ × R+ N Ã  '%&:?5y!*:"'"'9

























t ≤ tx %5 tˆ ≤ txˆ 7zﬃ4A.9;)C!\
u(x, t)− u(xˆ, tˆ) = v(x, t)− v(xˆ, tˆ) Å d?NKc?N  d Ç
Ý}5y'":?,.!*@<:"%
v








t ≥ tx %5 tˆ ≥ txˆ 7zﬃ4A.9;)C!\
u(x, t)− u(xˆ, tˆ) = dL(x,Γ)− dL(xˆ,Γ) Å d?Nc"Nõd Ü Ç
Ý}5y'":?,.!*@<:"%
dL






















y 7→ ty %&!C5`#/9
 <5G,6 >:?%r!C:") Ω+ óJ%/A6A.%
%&!C50="9; "#{#/9
 <5*,. >:?%{%/ 
x
\l9; Fﬃ
txˆ → tx A.9
)*!*@<:"% xˆ → x Nl9;+-+-%D9; ¸#&9; "!C,.="h&)*%{A.%
#/ﬃ
!9;Ù
tx < t < txˆ
7~9; îﬃ
t → tx =3ﬃ
 "! Å djNKc"NKd?a Ç A.9;)C!*@<:"% xˆ → x N]|j9;,b5  > 0 N~Û9;:")
|x− xˆ| !C:1J-!Gﬃ
+-+H%& <5P'%&5*,65u7






v(x, tx)− v(xˆ, txˆ) ≤ 3






























































|u(x, t)| ≤ max (|v(x, t)|, dL(x,Γ)) Å d?Nc"NKd  Ç
Ôyﬃ

















































































2 × [0, T ]
q
∀ T > 0 *
, 3,, 3,È
*2 Γ 




































(x, t) > 0
/, 2@K 





x ∈ R2\Γ N Ã  v!*:?'"'9;!*% x ∈ Ω+ Å A.%]#/ﬃ
! x ∈ Ω− %/!5}!*,6+-,.A6ﬃ
,b)*% Ç NŁﬂvIKﬃ




v(x, t) = inf
y





















(x, t) = inf
y∈S(x,t)




(x, t) ≥ inf
y∈R2























































2 × [0, T ]
q
∀ T > 0 *¥
, 3,,3,È



































































































































x ∈ R2\Γ N Ã  !*:?'"'9;!*% x ∈ Ω+ Å A.%#uﬃ
! x ∈ Ω− %/!C5Q!C,.+-,6A.ﬃ













x ∈ Ω+ \


















(x, t) = 0
!*:")
[tx, tx + αx]
7l,N%
N












v(x, t) = inf
y
(u0(x+ ty) + tH










 9;Z?5*,.%/ e5="9; ?#-\
∂v
∂t
(x, t) = inf
y∈S(x,t)
(y.∇u0(x+ ty) +H∗(|y|)) Å djNKc?N6a Ü; Ç
qBﬃ
,6!8'9;:")85*9;:?5
y ∈ S(x, t) 739; ﬃ0\
t∇u0(x+ ty) + t y|y|H















Ç*Ç tx > 0
N|>,













































y1 ∈ S(x, t1) %5 y2 ∈ S(x, t2) Å y1 %&5 y2 6= 0 Ç N Ã  $ﬃ="9
 "#\
−|y1|H∗′(|y1|) +H∗(|y1|) = 0 Å djNKc?N6a Ü;	 Ç









































y1 6= y2) \
H∗(|y1|)−H∗(|y2|) > (|y1| − |y2|))H∗′(|y2|) Å djNKc"Nba;a;a Ç












































































!C,.+o:"Ab52ﬃ4 "E/+-%/ e5 ∂f
∂t
(x, t) = 0
!C:")
[tx, tx+αx]















(x, t) = 0)
!*:")






t ∈ [tx, tx + αx] NJA%nij,.!C5*%r="9; ?# y0 = y0(x) ∈ R2 5G%&A
@<:"% ∀t ∈ [tx, tx + αx] \













v(x, t) = inf
|y|=|y0|




(u0(x+ ty) + tH
∗(|y0|))
l9;+-+-%#/%&#/,%&!C5Wj)*ﬃ























































































 "=$#uﬃ4!w\"!*, |y0| = 0 7",N%
N y0 = 0 7zﬃ4A.9;)C!\
































































































































2 × [0, T ]
q
∀ T > 0 *¥
, 3,,3,È


















x ∈ R2 7!*9
,65 yˆx Aﬃk'")C94C%&#&5*,.9; ="% x !*:?) Γ ﬃ
:X!*%& "!p="%-A.ﬃ L m½=",.!52ﬃ






















































































































































































t ≥ T ⇒
yx
t






























































































































































x ∈ Ω+ Å A.%`#/ﬃ




































































































v(x, 0) = u0(x) → 0 A69;)*!C@>:?% x → Γ NgﬂvI9;ÙASIK%nij,.!C5*%/ "#&%r="% A > 0 %&5 T > 0
5*%/A6!8@<:"%\
dL(x,Γ) ≤ A %&5 t ≤ T ,.+-'"A6,6@<:"% |v(x, t)| ≤  N"ﬂvIKﬃ




tx ≤ T A.9;)C!*@<:"% dL(x,Γ) ≤ η Nl9;+-+-% |u(x, t)| ≤ max(|v(x, t)|, dL(x,Γ)) 7
9
 #/9; ?#/A6:?5y="9























x 7→ tx )
*x?),^",,A
* 2 Ω+ *
Ω−
































2 × R+ 
ÕwÖFE GIH:E
å












































































2 × [0, T ]
q






































































































 #&9; "!C,.="h&)*%r:" %ij%/+-'"A.%o=3ﬃ















2(|x| − 1) !*, x ≤ 2
−2|x|+ 6 !*, 2 ≤ x ≤ 5
2








































































− x Å d?Nc"Nbauced Ç
»
:3ﬃ4 "=$A.%&!y="%&:ji$#&9; "=?,65G,69; "!
t = 7
3

























− x Å d?Nc"Nba Ú
Ü Ç
Ã
























t ≤ A 7
ﬃ4A.9;)C!









d(x,Γ) ≥ d( 7
3






















− A Å djNKc"Nba Ú; Ç
Ý}5y!C, 7
3
≤ x ≤ 43
18














 JIK%&!C5Q'3ﬃ4!y#&9; <5*,. <:"%`%& 
(7
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Ç H(0) < 0


























x ∈ R2\Γ 73,.AJ%ij,6!C5G% βx > 0 5*%/A@<:"%-\{
f(x, t) ≤ 0 ∀t ∈ [0, tx]






x ∈ R2\Γ 73,.AJ%ij,6!C5G% βx > 0 5*%/A@<:"%-\{
f(x, t) ≥ 0 ∀t ∈ [0, tx]






































(x) > 0, ∀x ∈ R






















































































1 / õ ¥w£ 7ý ¯
ÈkÉ<ÊËÌUÍŁÌUÎË
L
ÐÒÑ3ÐÒÑzÐ ñy "%B9; "="%&A.%5*5G%$+Hh&)*%
ψ(t)































































f(t) ∈ Vj !*,%&5y!C%/:"A6%/+-%/ e5y!*, f(2t) ∈ Vj+1
Ú














φ(t− k) 7 k ∈ Z !*9;,b58:" ?%`Z"ﬃ
!*%9;)C5*1"9; "9
)*+Hﬃ


























ﬂ9; ? "9; "!y+Hﬃ
,6 <5*%/ 3ﬃ






#&9; <5*%/ <5*9; "!y="%`="9; ? "%/)AI,.=?E/%M;E& "E/)*ﬃ



























































































j ∈ Z 7>9;  "945G%="9
 "# Wj A6%Q#/9;+-'"A.E&+-%/ <5Gﬃ
,6)*%9;)C5*1"9;M;9; "ﬃ
A=?% Vj ="ﬃ
 "! Vj+1 N
Ã
 $ﬃ


















j, k ∈ Z %&!C5y:" "%`Z3ﬃ
!*%`9;)C5*1"9; "9
)*+Hﬃ
























f ∈ L2(R) N Ã  { ?9





































































































































〈f(u), ψj,k(u)〉 = (f(u) ∗ ψj,0(−u)) (k) Å ôvNba;Nbauc Ç
ﬂvI9;Ù(\
















5Gﬃ45G,69; "!/7z "9;:"! "%vTU%&)*9

































®%&!C5yAI9;)*=")C%="%`Aﬃo="E/#&9;+-'9;!*,b5G,69; k%/ 9; "="%&A.%5*5G%&!/N
IK%&!C5Q#/%`@<:gI9; Bﬃ
























 <5yA.%&!#&9>%bJ-#/,6%/ e5G!y%/ 9; "=?%/A.%5*5*%/!="%
A1f
N





























• Ã  "="%&A.%5*5*%`+Hh&)*%r\ (Ψ1,Ψ2,Ψ3) 7zﬃuW;%/#\
Ψ1(x, y) = φ(x)ψ(y)
Ψ2(x, y) = ψ(x)φ(y)
Ψ3(x, y) = ψ(x)ψ(y)
ﬃpÄ3M;:")C%ôpN6a+-9; <5*)*%#/9
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)C5P=gI:" -%& "!*%&+oZ"A.%Ä3 ",




































































































9; ð9;Zj5G,.%& <5o:? "%)*%/'?)*E/!C%/ e52ﬃ45*,.9; ð+o:"Ab5G,m½E/#21"%&A.A6%-="%
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 <5*)*%LZ",6%/ ðA.ﬃB'")CE/#&,.!*,69; ÷="%Aﬃ$+HE5G1"9>=?%








 X#A %&!C5w'")CE/#&,.!*%'9;:?)`A6%/!TU9; "#5G,69; "!
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1)2−j] = Ij,kxIj,ky ,
ﬃW;%&#











































Cj,n ⊂ Cj−1,k 7
#&%B@<:",Q#&9;)*)C%/!*'9























 e5pﬃ4:jiX+H9s;%/ " ?%/!
vj−1k+l , l ∈ {−1, 0, 1}2
7#/9;+-+-%A.%&!w+H9s;%/ " ?%/!p!*:")wA.%


































































































 <5l!*,6 "M;:"A6,.h&)*%!*,:" ?%













A.%%/!C5#/9;+-'3ﬃ45*,.Z"A6%`ﬃW;%/#pA.%w+-9>="h/A6%w=gI:" "%v=",6!*#&9; <5*,. <:",65*Ew=?)*9;,b5G%
73#/9;+-+-%w,.A6A6:"!5G)*E
!*:")AﬃrÞ,6M;:")*%NKt?N
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F = a ejφ
hqgÏ






























• µX = E[X] = X l5{§i5bwd`pt5l]kDdmwuoi5kDdmwzxynpl fpl<þ[




















































































































































































































































fRe(F ),Im(F )(x, y) = fRe(F )(x) fIm(F )(y)
#¨qs`ot9Ù




















I = (Re(F ))2 +
(Im(F ))2

























































































ÇhÂX;ÂP>È/Â¯Ç_;È»Æ;ÉŁÃ ýÀ>È 	 ¿Áü&aÇbaÃ½Â£Ã ýÀ/c@ü«Ã£Æ«ýÈ`>È[Èvý
Φ
ì




1{x2+y2<i,Arg(x+jy)<φ} fRe(F ),Im(F )(x, y)dx dy
Y `Ó¢£dgzmalºt~updg`psl@kDl@`ym fpljdgbezdgpl5{ºÙ
ρ = x2 + y2
l@m



























#aqs`pt |J | = 1
2
%#jqsÏ


























































































































































































































57=¯BJA<44%+<FLF"+°GO%+ µI = 2σ
2


















































































































































































































































































































































































































































































































å°æ$Ïæ¤ç ¤[ê¡Ð í î¼pê¡ õaðÑõ£¡yéº÷Aë vÐ*¢Zú¨ê¡
ª|l]{eqg`yml@{SÔhmwbl5{Sx»noz>`plpbl5`p`ol5`ymahd{Ml5`^t5qsk9omwl<l@{M{¤m¥dmez{mezxynpl@{Mfpl5{MzkDdgsl@{Sbedgfhdgb@
• tÑÈÑ²Â ý¿ÁÈ`>È/ÄÎü[§ È»ÆÆ>È ì Al5{¬q5qs`pl@{¦upqsk9qsg©5`pl@{V{eqg`ym¦pzl5`cz{e{ei@l5{@²kDdgz{jl5{[t5qs`vmwqsnobe{V{eqg`ym
bl5`pfonp{M}hqsnp{@
• tÑÈÑ²Â ý¿ÁÈÓÄÅÀ;Ã£ÇpÆ ì Al5{Dt5qs`vmwqsnpb{­{qs`ym­pbi5{l5bsi@{5|k­dz{¦l@{q@qs`pl5{­upqgkDqgs©5`pl@{D{eqs`vm­kDqgz`p{
ozl5`Iz{e{ei@l5{@






































ÕSÃ£Â ý¿ÁÈ;ÈtÑÈyÈ ì Y `I¢£dgzmSfplpno{Muy×»§qgmeup©5{l]{enozdg`vmwl¦Ù
(R−R)(S − S) ≈ 0 Ú ª¨³oÛ
ª|l@¬dVbelQzl5`vml5`I¢£dgzmãò·Vz`piŁdbez{el@b¤ä¨l<pbqsp©5k9l¦ :\k½&]Ê`lQËÒlQm]Ù
RS − (SR +R(S − S)) = (R−R)(S − S) ≈ 0 Ú ª¨³o   Û
#aqs`pt]qg`^qsomezl@`ymMi5xynhdmwzqg`KÙ
















































ª|l fpl5b`pzl@brt@qs`p{ez{mwl/·Åbel5t¥upl@bet¥upl5bIl@` np` pz ±l5¨dÅpnp{rgbwdg`pfolÓ¢¯l5`pÝQmwbl/upqsk9qss©@`pl ·ß¬dxynpl5l
dphdgb¤mwzl@`ym^t5lÍpz±l5½M>d kDiQmwupq»fplÍnomezz{ei@lKl5{mnp`plÍmwl@t~uo`pzxynplÎfplÎt@beqgz{e{edg`pt@lÎfplÎbei@szqs`p{5M>d
t@beqsz{e{edg`pt5ll5{¤malQËÒl@t@mwnoi5lºl@`^¢¯qg`pt@mezqs`Ifol]d[dgbezdmwzqs`Ffol]½³i@tŁdbm®mò×»§lg
















• á qgzm f ½³zkDdggl fplfpi@hdgb¤m Ú `pqs`^obenpzmwi5lŁÛZl@`ÓdkDpzmwnofplg







U(f) = − ln (Pr(F = f |P = p)) Ú ª¨ rnsÛ
ª|l@t5z>l5{¤mai@xynpzdl@`yma·Vk9z`pzk9z{el@b Ù








C bl5pbi5{el@`ymel­l5`p{l5k[pl¦fpl5{º{zmel5{]fpl9½³zkDdgglgÒl@m brs l¦pbq»t5l5{{enp{j§qsbfÎl5`vmwbel9l5{]{zmel5{ r lQm s 






− ln (Pr(Ps = ps|Fs = fs)) Ú ª¨³o³¼vÛ
Al5{Êk9l5zl5npb{Obei@{enpm¥dme{Ê{qs`ymÊqsomel5`»no{¡§qsnpb²np`olSfpz{¤mwbezpnomwzqs`jvdkDkDdasi@`pi5bedgz{ei@lZl@m¡no`plZ¢¯qs`ptQmwzqg`
H dgfhdgmwi5l Ú folj{qsbmeljxynpljd9bei@snpdgbez{wdmezqs`dzmzl5nfolj¬d¦kDÝ@k9l¢£dgÌ5qs`fhdg`p{al5{q5qs`pl@{¨{eqsk[pbl5{
lQmpbezd`ymwl@{¥Û~
H(x) = x+ 1
x












































































































X(p) = (x1(p), x2(p))
np`plt5qgnpbe§lp¬dg`ol<hdgbwdkDiQmwbei@l
Ú p ∈ [0, 1] Û~
û^ühýÇoýÁÃ¯ü«Æ;É
•  l5tQmwl5nobmwdg`pgl5`ymÙ ~τ(p) = (x′1(p), x′2(p))
•  l5tQmwl5noba`oqsbekDdg Ú l~±mei5bzl5nob¥Û Ù ~N (p) = (−x′2(p), x′1(p))














2 7→ R  X = {(x1, x2) / u(x1, x2) = r} Ð qsbe{<Ù
•  l5tQmwl5noba`oqsbekDdgÒlQ±»mwi@bezl5npbÙ ∇ n




• X(p) fpi5§l@`pfÓf0np`^hdgbwdkD©Qmwbel m ≥ o ⇒ X(p, t)
 
n
• X l5{¤m¢¯l5bkDi@l¦Ù X(0, t) = X(1, t)
• ∂X
∂p




































= F ~N Ú #j   rgÛ
qsÏ













































Γ = {(x1, x2) /‖∇I‖(x1, x2) = +∞} Ú #j³oÁÛ
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= g(‖∇I‖(x))‖∇u‖(κ+ c) +∇g.∇u Ú #j³ossÛ
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